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Within Western classical music, Richard Wagner’s Der Ring des Nibelungen stands out as a monumental work, comprising
nearly 22,000 measures and 15 h of music with a continuous dramatic narrative. Structuring such a large-scale work comprises
an enormous challenge, which particularly affects the work’s tonal organization. While other compositional techniques such as
Wagner’s use of leitmotifs have been extensively studied, his approach to structuring the tonal framework of the Ring remains
subject to musicological debate. In this article, we present a computer-assisted approach for exploring the tonal organization
of the Ring combining two traditional analytical perspectives based on sheet music with a novel computational strategy based
on audio recordings. The first traditional perspective is the idealized tonal analysis by Alfred Lorenz from the 1920s, the second
perspective examines key signature regions derived from Wagner’s original score. We complement and compare these two
views with a third, computational perspective: an audio-based strategy for measuring diatonic scale content over time, which
is based on deep-learning techniques introduced in our previous work. To integrate these three perspectives, we propose a
visual overlay technique using a dedicated color scheme, which offers a comprehensive and comparative view of Wagner’s
tonal conception. This integrated approach not only provides new insights into the Ring’s large-scale tonal organization
but also demonstrates the broader potential of computational methods for musicological research regarding their ability to
address challenges such as scalability, reproducibility, and objectivity of analysis. Audio-based strategies, in particular, offer a
promising alternative to using symbolic (machine-readable) scores, which are often unavailable for large-scale works and
tedious to create. Overall, we demonstrate that by providing automated measurements of tonal structures, computational
tools can significantly enhance and expedite the tonal analysis of large-scale musical compositions such as Wagner’s Ring.
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1 Introduction
Richard Wagner’s cycle Der Ring des Nibelungen constitutes an outstanding example of Western classical music,
not least due to its unparalleled temporal extent spanning four operas (also called “evenings” or music dramas)
with more than 14 h of music, 3,244 pages of orchestral score,1 and 21,939 musical measures. The Ring’s parts
are interwoven by a continuous dramatic plot, whose complex mesh of relationships is also reflected in the
composition, emphasized by a comprehensive set of so-called leitmotifs. Structuring such a long work poses
an enormous compositional challenge. This particularly affects the large-scale tonal organization since tonality
marked the most important musical parameter for structuring compositions across time, at least throughout the
common-practice period. While Wagner’s usage of leitmotifs has been extensively studied [3, 10, 29, 35], there is
still an open debate among musicologists regarding his approach to the tonal organization of the Ring [16, 30]. A
first large-scale tonal analysis was performed in 1924 by conductor and musicologist Alfred Lorenz [26] in an
attempt to structure the Ring into a set of so-called poetico-musical periods (German: dichterisch-musikalische
Perioden)—a notion taken from Wagner’s own literary works [44]. According to this idea, a period ideally begins
and ends in the same key (principal tonality), thus achieving a sense of closure. This principal tonality (a kind
of local key) is abandoned for dramatic reasons (e.g., a new emotion appearing) and later revisited (when the
former emotion reappears). While the results of Lorenz’s analyses have been heavily criticized [6, 7, 27], his
annotations can still be considered an impressive early attempt towards a coarse-scale tonal analysis of the full
Ring. Their role is even more important in light of the absence of any follow-up overall analyses, partly caused by
musicologists’ focus on other notions in the Ring (predominantly, the leitmotifs) or the long-standing belief that
the tonal organization of Wagner’s works is rather unstructured or “wandering” [7]—a view that music theorists
recently questioned by analyzing extended tonality according to “tone fields” [36].

For conducting tonal analyses of such large-scale works, computational strategies provide promising opportu-
nities for complementing manual analyses. In the field of music information retrieval, researchers are developing
automated methods for estimating local keys from digitized music data [4, 15, 25, 33, 55]. Recently, substantial
progress has been made regarding this task using deep-learning (DL) systems [21, 39, 50], usually based on
supervised end-to-end training. As a main drawback, this methodology requires annotated training data, which
introduces various biases, for example, towards the repertoire covered by the training examples and their specific
annotations. A recent study [50] showed that the cross-annotator consistency across three human experts is as
low as 75% for local keys in Franz Schubert’s Winterreise—a cycle of 24 songs, which are much shorter in length
and significantly less ambiguous regarding tonal organization than Wagner’s operas. As demonstrated in [50],
DL systems inevitably adapt to these subjective decisions of annotators during training, thus undermining an
objective and independent analysis. To address this issue, we follow in this article a multi-step strategy, which
we introduced in an earlier work [48] that constitutes the conceptual basis for this study. Instead of predicting

1Following the complete edition by Schott [8].
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local keys with an end-to-end DL approach (involving hard decisions and expert annotations), we measure the
presence of the 12 diatonic scales over the course of the Ring. For this, we rely on a simple template-matching
approach [47] that does not require annotated training data. Rather than explicitly detecting diatonic scales,
we then visualize scale probabilities over a circle-of-fifths axis, thus being capable of highlighting ambiguities,
which play an important role in Wagner’s tonal language and make them apparent to both expert and non-expert
readers.2

As the starting point for this computational approach, a suitable music representation is needed. Typically,
machine-readable scores are considered, which are of limited availability (in high quality) and tedious to create
for complex and large-scale works such as entire operas. Audio recordings of performances thus provide an
interesting alternative for the computational analysis. This, however, demands for specialized signal processing
techniques to extract semantic information from the acoustic waveforms. As shown in our recent work [48, 52],
novel processing techniques based on deep neural networks, which are trained on synchronized score–audio
pairs to estimate pitch-class activations, lead to a substantial improvement, almost closing the gap between score-
and audio-based strategies when being used for measuring tonal structures. We therefore consider such DL-based
pitch-class estimates as the underlying representation for the subsequent tonal measurements.

Measuring tonal structures enables an objective view (not dependent on annotator’s choices), being able to
provide a new insightful perspective on the Ring’s tonal organization. Computing such measurements based
on audio recordings is practical and scalable due to the abundance of audio data. In this article, we utilize such
audio-based measurements to complement two traditional approaches, one based on the idealized tonal analyses
by Alfred Lorenz mentioned above, and another one based on the key signature regions extracted from the score,
which are only roughly corresponding to a tonal analysis but originate from Wagner’s own notation.3 We propose
an overlay technique for integrating the three approaches by jointly visualizing their results with a dedicated
color scheme. While all approaches realize an either simplified or idealized notion of local key, their combined
view allows for comparative studies that can shed new light on the tonal conception of the Ring.

The main contributions of this article can be summarized as follows. First, we consider a recently proposed
multi-step strategy [48] using deep pitch-class representations of audio for measuring and visualizing large-scale
tonal structures and apply this toWagner’s Ring cycle. Second, we compare the resulting measurements of diatonic
scales with the analyses by Alfred Lorenz as well as with key signature regions as written in Wagner’s score.
Third, to obtain a combined view of these three perspectives, we use an overlay technique for jointly visualizing
the results, thereby exploiting a dedicated color scheme. Based on these comparative visualizations of the full Ring
cycle, we discuss possible implications for understanding its large-scale tonal conception. Finally, we quantify
the mutual similarity between the three perspectives. To this end, we introduce a suitable distance measure that
reflects the musical similarity between scales (using a circular variant of the Earth Mover’s Distance). Together
with another measure from previous work, we apply this similarity measure for investigating the influence of
visualization parameters such as the window size and the confidence (softmax temperature). Our results indicate
that, with a suitable parameter choice, the combined visualizations of traditional analyses and computational
measurements yield new insights into the Ring’s structure, thus serving as an example of how computer-assisted
strategies can be applied for musicological research in a meaningful way.

The remainder of this article is organized as follows. Section 2 introduces related work on analyzing Wagner’s
Ring and its accessibility for computational methods. In Section 3, we present the three perspectives (Lorenz’s
analysis, Wagner’s key signatures, and our computational measurements of diatonic scales), introduce our
visualizing technique, and apply this to the full Ring while discussing the musicological implications. Finally, in
Section 4, we introduce our similarity measures and investigate the influence of parameters. Section 5 concludes
the article.
2For details on this computational analysis procedure, we refer the reader to the previous article [48], which is the basis for this study.
3Please note that with the simplification to the 12 diatonic scales (instead of 24 major and minor keys), we not only avoid frequent but often
uninformative mode confusions (major vs. relative minor) but also allow for a direct comparison to KS regions.
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2 Music Scenario: Wagner’s Ring
This section introduces relevant background on Wagner’s Ring cycle regarding its structure (following [45]) and
related analysis (Section 2.1) as well as available data for computational processing (Section 2.2).

2.1 Related Work
Since the origins of the genre in the 17th century, operas have usually been structured into a series of so-called
“numbers,” that is, individual movements such as arias connected by recitatives or spoken dialogues. One of the
revolutions Wagner introduced to this genre in the 19th century was a novel approach to structuring operas,
which he theoretically described in Opera and Drama [44]. Overcoming the number opera, Wagner postulated a
steady musical flow (denoted as through-composed style or endless melody), abandoning structural means such as
repetitions or interruptions. This lack of evident caesuras not only makes the structural analysis of Wagner’s
operas particularly difficult, it also led Wagner scholars to the conclusion that there “is no structure” in his works,
making any structural analysis obsolete. However, this conclusion is in sharp contrast to Wagner’s own awareness
for the structure of his compositions, stating himself the “unity of the symphony movement” to be an ideal for
opera’s structure [43].

In this vein, it is important to emphasize that harmony and tonality play a central role for Wagner to achieve
such structure. An important hint to this is the notion of the poetico-musical period. Introduced in Opera and
Drama [44], such a period should involve a close relationship between poetry and drama on the one hand and
the music on the other hand. In particular, he considers dramatic elements such as the appearance of persons
or sentiments as a cause to trigger a modulation, that is, change of the local key. Such a change usually reverts
along with a dramatic change, thus achieving a sense of closure as implied by the term “period.”

Assuming the poetico-musical period to be foundational for understanding the Ring’s structure, Alfred Lorenz
presented a first large-scale tonal analysis of Wagner’s Ring cycle [26], where he segmented the Ring into 146
such periods and assigned a principal tonality (key) to each of them. While Lorenz’s analyses represented a kind
of “state of the art” for analyzing the Ring until the 1960s, his analyses were criticized by various musicologists
later on [2, 6, 7] for several reasons including the overstretching of the notion of periods to explain the full Ring
[6] as well as Lorenz’s problematic political role [27]. Nowadays, many musicologists agree that Wagner at least
partially realized the notion of periods in his works [16] and that tonality in Wagner’s works is not random or
“wandering” [7] but an essential compositional aspect, meticulously planned by the composer [30]. In this article
(see Section 3.4), we therefore abstract from the individual decisions Lorenz made in his annotations but use them
at large as one perspective on the tonal structure of the Ring (see Section 3.1).

2.2 Raw Data and Accessibility
As mentioned above, the tetralogy Der Ring des Nibelungen, created 1848–1874 in two phases, constitutes one of
the most remarkable manifestations of Wagner’s conceptual ideas on composing “music dramas.” The Ring serves
as an ideal subject for studying Wagner’s use of tonality. Moreover, its significance is emphasized by the many
artists, composers, and genres (e.g., film music) that have drawn inspiration from it. This strong influence has
also spurred the Ring’s study with computational methods, addressing various aspects such as leitmotifs [19, 24,
29, 35], measure boundaries [46, 54], singing voice activity [22, 23], or listeners’ experience [32, 35].

Some of these studies were conducted within a long-term interdisciplinary project,4 which resulted in the
recently released Wagner Ring Dataset5 (WRD) [45], a multi-modal and multi-version dataset comprising sheet
music, annotations, and 16 different performances of the Ring, each lasting roughly 14–15 h (232 h of audio in
total). Following [45], the WRD is structured into 4 operas, 11 acts, and 21,939 measures, where we use the 11
acts, each of which exhibits a contiguous measure count, as the units of analysis (see Figure 1 for an overview).

4Computer-Assisted Analysis of Harmonic Structures (CAS), see https://www.audiolabs-erlangen.de/fau/professor/mueller/projects/cas.
5https://zenodo.org/record/7672157#.Y_fxDXbMJaR.
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Fig. 1. Overview of the musical parts (operas/acts) of the Ring. Figure from [48]; for an overview including available versions
see [45]. The first act of Die Walküre (WWV 86 B1) serves as running example for explaining our methodologies.

Table 1. Statistics of the Different Segmentations and Annotations of the WRD

Segment Duration (Measures)

Segmentation/Annotation # Segments # Segm. per Act Mean ± Std. Dev. Min–Max Median

Acts 11 1.0 1,994 ± 764.0 892–3,897 1,789.0
Scenes 38 3.5 577 ± 294.4 59–1,290 567.5
Time signature regions 555 50.5 40 ± 67.5 1–486 14.0

KS regions (KS) 528 48.0 42 ± 43.6 2–261 24.0
Lorenz segments (AL) 219 19.9 100 ± 89.1 3–489 73.0

Lorenz periods 166 15.1 120 ± 92.1 8–489 87.5

All durations are given in musical measures. For the bottom row, we only count Lorenz period regions ignoring
introductions, transitions, and the like. Also, we individually count sub-periods like “12Aa,” “12Ab,” “12Ba,” thus
arriving at a higher number (166) as the one mentioned in Section 1 (146). Bold lines denote the annotations used in
the subsequent analyses.

Within each act, there are various fine-level segmentations such as scenes (see Table 1 for some statistics).
Regarding sheet music, the WRD does not include a full orchestral score in machine-readable format (which would
be extremely tedious to create) but only a piano reduction in symbolic format. Instead of using this data as basis
for our computational analysis, we rely on the audio recordings. As shown in our previous study [48], processing
such audio recordings with DL methods leads to a high similarity between audio- and score-based analyses.
Section 3 discusses this choice in more detail.

The manual analysis of tonality in the Ring is not only tedious but also highly subjective and, therefore, prone
to a low inter-annotator agreement (as found for shorter and simpler compositions in [50]). As a result, there
are no reliable tonal analyses for the Ring. Nevertheless, the WRD comes with structure annotations on different
levels, which we summarize in Table 1 together with statistics on the number and duration of segments. Beyond
the acts and scenes discussed above, this also encompasses finer-level segmentations based on the time and
key signature regions, which we extracted from the symbolic piano scores that follow the full scores of the
complete edition [8]. While key signatures do not provide an actual key information or tonal analysis but rather
indicate a suitable diatonic scale to notate the tonal content of a specific passage, this information still provides
an interesting perspective on the Ring’s tonal organization—not least due to the fact that the decision on the key
signature and its changes over time was taken by Wagner himself. Going beyond the WRD, we also consider two
segmentations based on by Alfred Lorenz’s analyses [26], which are of intermediate duration ranging between the
scenes and the time/key signature regions. We hereby discriminate between all segments (including introductions
and transitions) and the pure periods. In the following, we discuss these segmentations in more detail.

3 Measuring and Visualizing Tonal Structures
In this section, we describe the mentioned analyses and annotations in more detail (Section 3.1) and introduce our
computational strategy (Section 3.2). We then present our approach of jointly visualizing the three perspectives
(Section 3.3) and finally discuss these visualizations for the full Ring cycle (Section 3.4).
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Fig. 2. Examples for tonal structure annotations derived from different sources. (a) KS example: An excerpt from the first act
of Die Walküre (WWV 86 B1, measures 258–267) in the piano reduction from the WRD, with a key signature change (KS) in
measure 262. (b) AL example: An excerpt from Alfred Lorenz’s book [26, p. 28] indicating the first periods of the same act
(WWV 86 B1) with the third period ranging from measures 243–315, featuring D minor as principal tonality.

3.1 Analyses and Annotations
As mentioned in the previous section, we consider several perspectives on the Ring’s large-scale tonal structure.
To enable a quantitative (and visual) comparison, we relate each of these perspectives to the 12 diatonic scales
(see Section 3.2 for details). While Wagner’s tonal language often extends far beyond diatonic pitch-class constel-
lations, there remains a substantial number of diatonic passages in the Ring. The prominence of diatonic scales
closely corresponds to tonally stable regions. Moreover, analyzing on the scale level helps to avoid confusions
between relative keys, which often occur across different annotators [50], and facilitates the visualization of tonal
relationships of scales on the circle of fifth. We indicate the presence or likelihood of these scales for each of the
" musical measures of an act, resulting in a matrix A ∈ [0, 1]12×" for each of the eleven acts.

The first perspective, denoted by KS, relies on basic information extracted from the score, namely the key
signatures that Wagner chose for notating a specific musical section. A key signature directly corresponds to one
diatonic scale (e.g., in Figure 2(a), 1♭ correspond to the −1 diatonic and 3♯ to the +3 diatonic), and we assume
enharmonic equivalence (−6 ̂= +6) obtaining 12 possible scales. This numerical scheme (“Quintenmessung,” see
[13]) entails a simple musical distance measure (neighbors on the circle of fifths, which share 6/7 accidentals,
obtain a distance of 1), while we acknowledge that other notions of tonal distance [41] also play an important role
in Wagner’s music. Please note that there is no specification of the tonic or mode (e.g., the +2 diatonic might relate
to D major or B minor equally well) involved. Moreover, the decision on the key signature is sometimes rather
pragmatic since its purpose is to ensure good readability and comprehension by the musicians.6 In this sense, the
key signature information is clearly not an analysis nor corresponds to local key regions. Nevertheless, the choice
of a key signature provides at least a weak indication of a tonal region or scale, since it marks the pitch-class
content that can be notated without further accidentals. We therefore consider it a relevant perspective on how
Wagner structured the Ring tonally in his score. To obtain the diatonic scale information, we automatically extract
key signatures from the symbolic piano scores in the WRD (see Figure 2(a) for an example) and convert the key
signature information to a diatonic scale, thus obtaining a matrix AKS ∈ [0, 1]12×" .

For the second perspective, denoted by AL, we consider Alfred Lorenz’s book on the “musical structure”
(German: musikalischer Aufbau) of the Ring published in 1924 [26]. As mentioned above, Lorenz mainly focuses
on the notion of the poetico-musical periods for his analysis, extending those with additional segments such
as an introduction (Vorspiel) or transition (Übergang). Figure 2(b) shows an example for his descriptions, which
include the measure regions as well as—for most segments—the principal tonality (key). Most importantly, we
6For example, in the first opera (Das Rheingold WWV 86 A), measures 3827–3842 are notated with 4♭ for the female singers (Rheintöchter)
and one of the harps (on stage) while the remaining singers and instruments stay with 5♭. Here, we follow the latter for our annotation.

ACM Journal on Computing and Cultural Heritage, Vol. 19, No. 3, Article 38. Publication date: September 2026.
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Fig. 3. Visualization of diatonic scale measurements for the act WWV 86 B-1 in the version conducted by H. v. Karajan.
Parameters: window size F = 32, softmax parameter V = 50. Lorenz’s periods are indicated by solid lines, transitions and
introductions by dashed lines.

emphasize that this principal tonality serves as the reference (frame key) for the period, while the whole idea of
the period is to depart from this frame key and return to it later. Intermediate keys (targets of the modulations)
are not explicitly indicated in the descriptions.7 For our purposes, we consider all annotated segments including
introductions, transitions, or the like8 (see Figure 3 for an example). Analogously to the previous perspective, we
end up with a matrix AAL ∈ [0, 1]12×" . We publish the initial annotations for both KS and AL as supplementary
material to this article.

Table 1 summarizes statistical properties of these two perspectives (the two middle rows in boldface). For
reference, the table also shows statistics on the acts, scenes, and time signature regions. Comparing time and
key signature, we observe a similar behavior, with time signatures changing slightly more often on average. As
for tonal segments, we immediately observe that both key signatures (KS) and Lorenz segments (AL) are on a
substantially finer level than the scenes within an act, which is also visually evident (for AL) from Figure 3. A
typical scene (median) lasts for 567.5 measures, while a KS region only lasts 24.0 measures. AL segments are
clearly longer (median 73.0 measures) than KS regions. On average, an act comprises more than twice the amount
of KS regions (48.0) than AL segments (19.9). This already shows that AL rather denotes the (often idealized) frame
key of a period while KS tends to follow the modulations within the periods on a finer temporal level. In addition
to the more detailed Lorenz sections (AL), which yield full coverage of an act, we also provide statistics that only
account for the actual periods (bottom line in Table 1). For all types of segmentation, we note that the segments’
duration varies substantially, with the standard deviation sometimes being even greater than the mean. This
suggests a high degree of variability, ranging from nearly measure-wise changes to entire scenes remaining in a
certain time/key signature or principal tonality.9 Nevertheless, we consider these statistics valuable for gaining
insights into the structure of the Ring and its time scales, which we will relate to our computational measurements
described in the following.

3.2 Measuring Diatonic Scale Content
As the third perspective, which we denote by CM, we consider a previously proposed strategy for measuring
tonal structures from audio recordings [48]. For convenience, we now summarize both related work in tonal
analysis and the main processing steps of our strategy, closely following our previous work [48], which we refer
to for further details on the methodology.

7Sometimes, Lorenz mentions such intermediate keys but never specifies the corresponding measure region, e.g., “g-Moll (Mittelsatz in
f-Moll[)]” [26, p. 31].
8For nested period structures with sub-periods such as 12Aa, 12Ab, 12Ba, and so on, we opt for the finest level in our annotations.
9Concerning the Lorenz periods, this inhomogeneity posed a main argument of Dahlhaus criticizing Lorenz’s analyses [6].
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As analyzing tonal structures is central to computational musicology, various automated methods for tonal
analysis have been proposed over decades (see, e.g., [5, 9, 28, 40, 53]). Regarding different time scales, typical
tasks refer to global keys [42], local keys [25], and chords [20]. While local key or chord analysis is often done as
a framewise classification task (involving an explicit segmentation and hard decision on labels), this strategy
cannot account for gradual modulation processes, tonal ambiguities, or different music-theoretical interpretations.
This frequently leads to a high subjectivity in the labels, which has been shown for chord [18, 31] and local key
estimation [50] and becomes particularly prevalent when using deep neural networks trained for these tasks.

To address these problems, we consider as our third perspective a multi-step strategy: We rely on the efficacy
of DL only for a first processing step, which aims for detecting the activity of the 12 chromatic pitch classes
over time as proposed in [52]. To compute such pitch-class representations from the audio recordings, we use a
recently proposed model [49]—a deep residual neural network of medium size (4.8M parameters) applied to a
music-specific spectral audio representation (harmonic constant-Q transform, HCQT [1], with a resolution of
roughly 43 frames per second). We trained this network on several datasets comprising various instrumentations
and styles including orchestral, choir, and chamber music (see [48], Table 1 for a detailed description of the
training datasets). The pre-trained model is fully available online.10 Applying the trained network to the audio
data of the WRD (corresponding to the cross-dataset experiment in [48]), we obtain a 12-dimensional vector of
pitch-class activations for each frame. We aggregate this frame-wise representation to an average pitch-class
distribution for each musical measure, using the measure annotations provided in the WRD, which were created
through an extensive manual annotation process [45, 46].

As the second step, we use the resulting measure-wise pitch-class representations to visualize the presence of
specific tonal structures. To this end, we consider a model-based approach relying on template matching, which
can be realized for chords [12], scales [47], or other tonal structures defined as pitch-class sets. In this article, we
focus on the measurement of the 12 diatonic scales, which are suitable for highlighting the overall modulation
process while avoiding the frequent ambiguity between relative keys (e.g., C major  vs.  A minor). We are aware of
this diatonic scale measurement being a simplification of local key estimation. The missing specification of the
referential chord (tonic) and, thus, the missing discrimination between major and relative minor is certainly a
lack of information, which has downsides (such as the non-consideration of altered scale degrees in harmonic
or melodic minor) but at the same time also advantages. Being a pure measurement of pitch-class content over
time rather than a sort of traditional “harmonic analysis,” it involves less interpretation by trained experts, with
perceptual aspects as the implied “center of gravity” or “feeling of arrival” necessary for establishing a local key
becoming less relevant. This makes the measurements less prone to annotator subjectivity and disagreement,
which frequently occurs in local key annotations as shown in [45], while still being explicitly interpretable for
musicologists.

To perform this diatonic scale measurement, we proceed as follows. Since the pitch-class content of a diatonic
scale usually occurs within longer segments, we first smooth the measure-wise representations using a window of
sizeF ∈ N measures and a hop size of one measure, followed by a normalization using the ℓ2-norm. This results
in a vector c = (20, 21, . . ., 211)> ∈ R12 for each window (with 20, 21, . . ., 211 referring to pitch classes C, C♯, . . ., B).
To measure the presence of each diatonic scale, we match each pitch-class vector c with binary scale templates
t ∈ R12 using the inner product 〈t, c〉 of ℓ2-normalized vectors (also known as cosine similarity). The template
t0 for the “0 diatonic scale” (corresponding to C major or A natural minor, or the white keys on the piano) is
given by:

t0 =
1
√
7
· (1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 0, 1)> , (1)

10Source code (PyTorch), pre-trained models, and estimated pitch-class activations for the full Ring published at https://github.com/christofw/
pitchclass_tonalstructures. For this study, we utilized the model “DeepResWide” specified in exp302c.
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where 1 denotes an active (in-scale) pitch class and 0 an inactive (out-of-scale) one. We obtain templates for
the other scales by performing cyclic shifts of t0. Due to enharmonic equivalence (identifying C♯ and D♭, etc.),
we distinguish 12 diatonic scales. For each window, this results in a measurement that we specify as a 12-
dimensional vector â ∈ R12, with 0̂8 = 〈ti, c〉, 8 ∈ {−5,−4, . . . ,+5,+6}. As argued in [48], instead of deciding on
the best matching scale, we propose to use suitable visualizations [47], which allow for directly interpreting the
continuous-valued diatonic scale measurements. For this purpose, we compute rescaled local analyses a ∈ R12

utilizing the softmax function, which suppresses weaker components and emphasizes stronger ones:

08 = exp(V0̂8 )
/ ∑6

9=−5 exp(V0̂ 9 ), (2)

with 8 ∈ {−5, . . . ,+6}. The parameter V ∈ R (inverse softmax temperature) serves to adjust the level of en-
hancement, controlling how strongly the prominent pitch classes in the representation are emphasized. Due to
the ℓ1-normalization inherent to the softmax, we can interpret the values 08 as pseudo-probabilities of diatonic
scales. We combine the local analysis vectors a ∈ R12 for all musical measures to a matrix ACM ∈ [0, 1]12×" .
When comparing the resulting matrices for different underlying pitch-class representations, as shown in the
comprehensive investigation in [48], we found that using our DL-based representations results in a high similarity
between audio-based measurements of diatonic scales and those based on symbolic scores. Therefore, in this
article, we only use the deep pitch-class representations as basis for computing ACM in this article.

As shown in Figure 3, one can visualize this analysis ACM using a grayscale plot. To account for the tonal
proximity of fifth-related scales, we order the scales along a circle-of-fifths axis, thus achieving a good overview
of the modulation process, in particular for large-scale works such as symphonies or operas (compare [47]).
Figure 3 shows such a plot for the first act of Die Walküre (WWV 86 B-1) as recorded under H. v. Karajan in 1966
(Deutsche Grammophon). The parameters used for this example are a window size ofF = 32 measures and an
inverse softmax temperature of V = 50 (we investigate this parameter choice in Section 4). We observe clearly
stable sections remaining mostly in one scale such as for measures (mm.) 20–200 (−1 scale), mm. 600–680 (−3), or
mm. 1260–1330 (0), as well as transitional regions such as mm. 1140–1190 (gradually modulating from −1 to −5).
For better orientation, we additionally show the boundaries for different segmentations (described in Table 1)
such as scenes (thick dotted-dashed vertical lines) and Lorenz segments (thin straight lines and numbers for
periods, thin dashed lines for additional segments such as introductions or transitions). We observe that scene
boundaries may correspond to strong tonal changes (a new scene starting in a new key). Moreover, for some of
the Lorenz periods (such as periods 2, 3, or 12Aa), our visualization of scales suggests a modulation structure
corresponding to Wagner’s idea with one scale modulating another one and then returning back.

Summarizing our observations and the ones from [48], this computational strategy leverages the strengths
of DL (in contrast to traditional signal-processing approaches) while providing an objective and interpretable
measurement of the tonal structures. We again want to emphasize that the simplification to diatonic scales has
downsides, such as the missing discrimination between major and relative minor. Moreover, the presence of
additional altered pitch classes occurring in harmonic and melodic minor scales (scale degrees ♯6 and ♯7) poses
challenges.11 Simply including such scale degrees into the template, however, leads to poorer results due to
confusions with other scales. In contrast, the proposed straightforward mapping—while not being an actual
“analysis” that is able to resolve complex pitch-class relationships—can be directly interpreted as what it is: The
measurement of a certain diatonic pitch-class set (not a major or minor scale, nor any key) being present in a given
temporal segment. As such, it provides certain benefits by demanding less interpretation by experts, therefore
being less subjective and avoiding biases related to training data and annotations that may arise in an end-to-end
11In practice, we found that these additional pitch classes lead to ambiguity especially when using more noisy pitch-class representations
based on signal processing. Pitch-class features based on deep learning, in contrast, have less energy in inactive pitch-class bands, which
reduces confusions with other scales. An example for this behavior can be observed in several passages of Die Walküre (WWV 86 B1, mm.
1–100 or mm. 476–586, see Figure 8 in [48]), where the signal-processing approach generates artifacts towards scales with more sharps while
the deep-learning approach, also used for our study, suffers considerably less from such artifacts.
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Fig. 4. Comparative visualization of diatonic scale measurements for the act WWV 86 B-1 in the version conducted by
H. v. Karajan. Visualization parameters areF = 32, V = 50.

local key estimation approach as shown in [50]. In the following sections, we will contrast this computational
measurement with the analyses described in Section 3.1, which also helps to better understand the behavior of
this method.

3.3 Comparative Visualization
As described above, a central benefit of the proposed measurement of tonal structures is its accessibility by means
of suitable visualizations. Inspired by this fact, we now introduce a strategy for comparing different analytical
perspectives in a visual way. To this end, we re-consider a color overlay technique introduced in [48]. This
technique (or related ones) may serve to compare various different notions such as measurements computed for
different versions (cross-versions visualization, see [17, 51]) or based on different representations [11, 48]. In this
article, we apply the technique for comparing our three perspectives CM, KS, and AL, opting for the additive
color scheme introduced in [48]. Next, we briefly summarize the computation steps, following [48].

We start with the three analyses AKS, AAL (Section 3.1), and ACM (Section 3.2). To compute the comparative
visualization, we represent the three measurement results in the RGB space in the following way:

©­«
R
G
B

ª®¬ = ©­«
1 − ACM (=,<)
1 − AKS (=,<)
1 − AAL (=,<)

ª®¬ , (3)

where = ∈ {−5, . . . , 6},< ∈ {1, . . . , "}. Plotting this color array (as in Figure 4) shows the three matrices overlaid
in a transparent way.The colors resulting from this assignment are shown in the legend of Figure 4. When all three
measurements are consistent, we obtain black. In cases of disagreement, different colors arise: A CMmeasurement
that does not align with any other perspective results in cyan, while a KS measurement that stands alone yields
magenta. An isolated AL measurement results in yellow. When two measurements match (but the third differs),
mixed colors appear: Blue for CM matching KS, green for CM matching AL, and red for KS matching AL.

Continuing our example from Figure 3, Figure 4 shows this comparative visualization for the first act of
Die Walküre (WWV 86 B1) in the Karajan version. Regarding the CM, this visualization exactly corresponds to
Figure 3, with the grayscale values of Figure 3 now shown in degrees of cyan. The other two measurements are
discrete (only values 0 or 1 possible). Consequently, these two perspectives (KS and AL) are visible as solid bars in
either magenta (KS), yellow (AL), or their color mix red (KS + AL). As soon as CM is matching one of the others,
these colors (gradually) change towards another color mix (magenta→blue, yellow→green). For example, in
mm. 262–292, KS indicates +3 (magenta) and CM changes to +3 a bit later (magenta changing to blue). If CM
approaches the already consistent measurement of KS and AL, their overlay color (red) gradually changes to
black. For example, in the last Period 12Cb (mm. 1378–1523), KS and AL consistently indicate the +1 scale (in red)
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and, for most of the time but with some interruptions, CM also yields the highest probability for +1, turning red
into black.

We now discuss the visualization in more detail to understand potential inconsistencies between the different
perspectives (CM, KS, and AL). While the visualization helps to identify areas of agreement, it also highlights
discrepancies. By analyzing these differences, we can better assess the strengths/weaknesses or the different focus
of each approach, thus gaining deeper insights into the Ring’s tonal organization as viewed from these three
perspectives.

We observe several long regions of high agreement among all measurements (black) such as the prelude as well
as periods 1, 2, 7, 8, 9, 12Aa, and 12Cb. On the contrary, all three perspectives sometimes disagree, as in Period 12Bc
(mm. 1219–1258). We also find sections where the two reference perspectives (KS and AL) agree but the CM yields
mostly other (yet closely related) scales (periods 10 and 11). For Period 12Bb (mm. 1170–1218), Lorenz does not
specify a key but marks this period as “strongly modulating” [26, p. 30]. Concerning the period structure, we make
a highly interesting observation: In both Period 3 (mm. 243–315) and Period 12Aa (mm. 926–1021), CM and KS
consistently show a modulation from a first scale to a second one and back (with CM sometimes slightly deviating
from KS or indicating a smooth transition between two KS regions). In Period 3, this is a modulation from D minor
to A major (fifth parallel) and in Period 12Aa, from E minor to E major (parallel; tonic root stays). In contrast,
AL does not indicate these modulations but exactly specifies the first scale as the “principal tonality” of each
period, turning the beginning and end of both sections into black. In the middle, we observe two colors: blue (mix
between KS and CM) for the second scale, and yellow (AL) remaining in the first scale. These visual structures
almost perfectly reveal the prototype of Wagner’s poetico-musical periods regarding their tonal implications (we
do not discuss the textual or dramatic part here, see [16, 30]).

Another interesting situation arises in Period 6 (mm. 423–410), where the three perspectives appear to be one
fifth apart from each other. While Wagner notates the whole period in 3♭ (−3 diatonic in KS), Lorenz annotates it
as B♭ major (−2 diatonic in AL). Looking at the score, we observe the period to start in C minor (−3) in m. 423.
This results in CM and KS matching (blue color) at the start of Period 6. After several modulations, the music
reaches a clear B♭ major region in mm. 446–449. Here, CM changes to −2, now coinciding with KS (green). In the
following, CM highlights a region between −2 and −1, the latter being exemplified through, e. g., an F major
cadence in mm. 458–450. This F major can be interpreted as a tonicization, still with dominant tension towards
the −2 scale of the following Period 7, which all three perspectives agree on again.

We now turn to the discussion of Period 12Ca (mm. 1259–1377), where we observe a strong contrast between
AL (indicating +4) and the other two perspectives (mostly agreeing on the 0 scale). As for KS, almost the full
period is notated without accidentals (0 diatonic), with a change to +1 in m. 1358. Lorenz’s annotation (AL),
in contrast, marks this period to be in E major (+4) [26, p. 30]. Upon close investigation, we indeed find three
clears—though quite short—E major segments (mm. 1269–1276, mm. 1327–1334, mm. 1362–1365) within a longer
passage revolving around C major. Here, the A minor triad (as the resolution of the E major triad, interpreted
as a dominant) serves as a pivot chord facilitating the switch between 0 and +4. As shown in Figure 4, the CM
analysis mostly follows the predominant 0 scale but changes between the two conflicting analysis of KS and AL
towards the end of the period.

Overall, the comparative visualization proves to be a valuable tool for quickly grasping commonalities and
differences between the three perspectives on the tonal structure of this act. We observe stable sections where all
perspectives coincide as well as contrasting passages where the perspectives focus on different levels of tonal
organization, with AL focusing on the “principal tonality,” KS on the medium-scale tonal regions, and CM on the
more detailed modulation process. When directly comparing CM and KS, they are often identical or tonally close
(differing by only one or two scales) while AL tends to diverge more from the two other perspectives. In Section 4,
we will explore how adjusting CM’s window size parameter F allows us to shift between different levels of
granularity. While the agreement between these perspectives does not imply a certain quality or correctness of
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Fig. 5. Das Rheingold WWV 86 A, structured into four scenes. Visualization parameters areF = 64 and V = 50.

the analysis, we emphasize that—beyond the choice of temporal hierarchy levels—the signal-driven CM is able to
highlight similar structures than other, human-based readings of tonal structures.

3.4 Three Perspectives on the Ring
Wenowwant to discuss these comparative visualizations for the full Ring cycle, showing them for the four different
operas Das Rheingold WWV 86 A (Figure 5), Die Walküre WWV 86 B (Figure 6), Siegfried WWV 86 C (Figure 7),
and Götterdämmerung WWV 86 D (Figure 8). To limit the scope of this work, we focus on the tonal structures
here. For discussing their interplay with the operas’ plot, we refer to our related work [38]. As visualization
parameters, we chose F = 64 and V = 50 and refer to Section 4 for a detailed discussion of this choice. For a
better overview, all visualizations are split into acts except for Figure 5 (split into scenes). This figure, referring to
the first opera (or “Vorabend”) Das Rheingold, shows a slightly less complex structure as compared to the other
operas. This is partly due to its extent—in Figure 5, each subplot spans one scene of roughly 1,000 measures as
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Fig. 6. Die Walküre WWV 86 B, structured into three acts (Aufzüge). Visualization parameters areF = 64 and V = 50.

opposed to the acts spanning 1,500–3,000 measures in Figures 6–8—but also indicates a simpler tonal structure
with less modulations. In Das Rheingold, KS and AL are often consistent and only deviate in case of typical “period
structures,” where KS leaves to an intermediate key while AL stays in the frame key (see for instance periods
1, 10, 13, 16, or 17 for such cases). The computed measurements (CM) closely follow the key signatures (KS)
leading to blue or black regions or are only one or two scales apart from KS. Sometimes, CM indicates interesting
transitions such as the one in Period 17, where C♯ minor is gradually left from m. 3523 onward via C♭ major (−7,
corresponding to +5) in mm. 3529–3534 and E♭ minor (−6, corresponding to +6) in mm. 3543–3555 towards E♭
major (−3), which is finally reached in m. 3560.

Compared to Das Rheingold and the first act of Die Walküre (discussed in Section 3.3), the other two acts of Die
Walküre already show a higher degree of modulations and tonal complexity (Figure 6). We still find passages of
high consistency such as Periods 7B-C and the end of Act 2, as well as Periods 2, 3, and 9 in Act 3. However, there
are more frequent discrepancies between KS and AL, some of which cannot be easily explained by the notions
of periods (see Period 1 in Act 2, or Periods 1, 8, and 10 in Act 3). We also find several passages where all three
perspectives disagree such as the beginning of Period 7A in Act 2, or the full Period 8 in Act 3. Moreover, we
observe regions where KS and AL agree (red), but CM indicates a step-wise transition (cyan), such as the one in
Period 11 of Act 3 starting from B minor (+2) and gradually modulating via G major (mm. 1355–1357), A minor
(mm. 1368–1375), and G minor (mm. 1396–1400) towards −3 (reached in m. 1427).

Next, we have a look at the third opera, Siegfried WWV 86 C (Figure 7), whose first act spans 2,983 measures
being by far the longest act of the Ring. We still observe passages of high consistency among all perspectives,
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Fig. 7. Siegfried WWV 86 C, structured into three acts. Visualization parameters areF = 64 and V = 50.

especially within the first scene of Act 1 and the end (m. 1067 onwards) of Act 3, thus delivering a “stable
frame” for this opera. In between—starting from Scene 2 of Act 1—we find far more complex structures. This is
already indicated by the substantially larger number of key signature changes. For instance, Period 6 of Act 1
(mm. 1289–1634) comprises nine different key signatures revolving around the constant “principal tonality” C
major as indicated by AL. Similar or even more extreme situations can be found in Period 7 of Act 1 or Period 7 of
Act 2. Looking at CM, we find considerably more passages of unclear tonality, pointing towards more chromatic
harmony or fast modulations. For instance, in Period 1 in Act 3, CM indicates a tonally vague region from −4 to
−2. Similarly, Period 11 in Act 2, is characterized by a continuum of diatonic scales ranging from −5 to 0. Only
rarely, we find the typical structure of Lorenz’s periods, for example, in Periods 9 and 15 in Act 3 (both with frame
key C major). Other segments, such as Period 15 in Act 2 and Period 8 in Act 3, show high consistency but lack
the typical modulation for a period.

Let us finally turn to the last and longest opera Götterdämmerung WWV 86 D (Figure 8). Already in the Prologue
(which has a separate measure counting, therefore considered as an individual act), we observe a clear discrepancy
between Lorenz’s idealized frame keys (E♭ minor, +6, and E♭ major, −3) and the key signatures used by Wagner
(revealing many changes). CM often follows KS (e.g., in mm. 109–153 or mm. 670–786), but sometimes differs
substantially from both KS and AL. One such instance occurs in mm. 470–500, where KS alternates between −3
and 0 while CM highlights +5 and +4. A manual inspection of this passage reveals a clear and stable section
(mm. 488–513) in +5 (initially notated as C♭ major with accidentals within key signature −3, then enharmonically
changed to B major within key signature 0), framed by complex chromatic modulations. This is an example
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Fig. 8. Götterdämmerung WWV 86 D, structured into a Prologue and three acts. Visualization parameters are F = 64 and
V = 50.

where CM indicates the prevalent and clearly perceivable tonality, while KS and AL (for different reasons) do
not explicitly indicate this tonality. Reviewing the whole Prologue, we repeatedly find consistent regions for +6
(enharmonically equivalent to −6 as indicated by KS and AL (E♭ minor)), and −3 (E♭ major), underscoring the
importance of a frame tonality (or “frame tonic,” E♭) in structuring this whole part. A remarkable situation exists
at the Prologue’s conclusion, where all perspectives differ substantially: After a consistent −3 passage (E♭ major,
mm. 840–860), CM changes to +6 (focusing on the E♭ minor prevalent in mm. 864–879) while KS changes to 0,
facilitating the transition to B minor (+2, the cadence to the following Act 1). In contrast, AL does not indicate a
change for this transitional passage, remaining in the frame tonality −3.

In contrast to the Prologue, Acts 1–3 are clearly longer and more complex. Overall, we find much less agreement
among the three perspectives as compared to the previous operas. For instance, the second half of Act 2 and the
final scene of Act 3 almost completely lack consistent regions, except for the very end in D♭ major (−5). Similar
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to Siegfried, we again find passages with many KS changes (e.g., Periods 4, 14, and 16 in Act 1) and regions of
rather vague tonality in CM (e.g., Period 10 in Act 1 or the final scene of Act 2). Moreover, we observe interesting
transitions from CM (Act 3, mm. 1320), leaving A major via E major and a complex chromatic modulation process
to reach D♭ major (−5) in m. 1363. Summarizing some of the discussed passages, where KS was actually quite far
from the analyzed tonality, we hypothesize that—after the long break from 1857–1869 during composing Act 2
of Siegfried—Wagner started to use KS 0 more often not because these passages feature the actual 0 diatonic (C
major or A minor). Instead, they might be as complex (going beyond diatonic tonality) that there is no actually
suitable key signature, thus going for the simplest one and incorporating all alterations as in-measure accidentals.

In summary, we found several indications that Wagner’s tonal language gets more complex over the course
of the Ring, an observation that might relate to the long break (1857–1869) within its composition (pausing at
the second act of Siegfried). While there are stable and consistent passages throughout all operas (such as the
first 160 measures of the final act), the inconsistent, vague, and transitional passages occur more often towards
the end of the cycle. Concerning the realization of the poetico-musical period idea, we find some clear examples
for such periods. However, by far not all the periods indicated by Lorenz in [26] show the clear tonal structure
implied by this concept. This suggests that Wagner may have had the concept in mind but did not strictly adhere
to it throughout the entire Ring, exposing Lorenz’s attempt to explain the whole work through such periods as
overambitious.

Concluding on the methodology, we summarize that our combined view yields reliable insights into the tonal
organization of the Ring and the discrepancy of the different perspectives, thus enabling a multi-faceted and
differentiated musicological discourse.

3.5 Musicological Discourse: An Exemplary Discussion
As pointed out above, the focus of our contribution is on the comparative visualization strategy. Nevertheless,
we want to exemplify how these visualizations can be utilized for musicological discourse. Choosing the last
scene of Siegfried (Act 3, Scene 3), which plays a central role in the drama, as an example (Figure 7), we want
to highlight how the three perspectives can help understanding Wagner’s shaping of form through tonality
(partly following [38]). According to Lorenz [27], this scene is approached with a “transformational music”
(mm. 770–833). It is followed by Period 7 (mm. 834–1066), which is an extreme case for the discrepancy of the
perspectives as mentioned above: Within only one AL segment, denoting E minor as principal tonality (yet
also indicating intermediate segments in E major without further specifying their location), no less than 12 key
signature regions occur. In this period, an average KS region lasts less than 20 measures as opposed to 42 measures
averaged over the full Ring (see Table 1). The predominant scales measured by CM oscillate between these two
annotations (KS and AL), which rarely coincide. For instance, CM agrees with AL around mm. 900–920 and with
KS around mm. 940–970. Nevertheless, both CM and KS circulate around the +1 scale annotated by AL, which
therefore may be indeed a “center,” yet with only few regions actually in that tonality. These observations are in
line with the dramatic development of the scene: Its first part (Period 7) corresponds to a monologue by Siegfried,
describing the process of discovering Brünnhilde. While the outer process of this scene is stable and coherent
(matching the principal tonality by AL), there is an intensive inner process of Siegfried experiencing fear for
the first time when facing a woman (Brünnhilde). This inner conflict between love and fear is expressed by the
many intermediate keys and transitions reflected by both KS and CM. The second, considerably longer part
of Scene 3 (mm. 1067ff.) unfolds in three sub-parts: The outer two are framed by a clear and stable 0 diatonic
regions (C major), where all perspectives agree. Both are duets between Brünnhilde and Siegfried, corresponding
in terms of affect and structure: the first (mm. 1067ff.) reflects Brünnhilde’s passionate yet restrained turn towards
Siegfried, while the second (mm. 1719ff.) is the moment of their “ultimate affirmation” [37]. Between these two
passages lies a transitional section, which we can interpret as a process of overcoming fear. Accordingly, the
dramatic turning points of the scene are shaped by fear-related affects: first, Siegfried’s fear of sexual intimacy
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(mm. 930ff.) and his uncertainty or lack of understanding (mm. 1151–1278); then Brünnhilde’s experience of sexual
fear (mm. 1279–1369), followed by her fear of losing her divinity and knowledge (mm. 1361–1478) [14]. The most
important phase of these negative feelings are Periods 10–12, where both protagonists mourn the loss of their
former identities. This phase stands out from the surrounding 0 scale by being centered around −3, confirmed
by all three perspectives yet with slightly less stability, as indicated by KS and CM. The final transition towards
reaching the “ultimate affirmation” is then described differently by the three perspectives; yet, their interplay
shows the procedural nature of how Wagner shapes this transition until reaching the final C major.

While conducting such a detailed musicological discourse for the entire Ring is beyond the scope of this article,
the example of this final scene of Siegfried showed how the interplay of the different perspectives unveils Wagner’s
shaping of form through tonality. Stable phases of the drama are coined by an agreement of all perspectives, both
the more idealized ones (AL) and the more descriptive ones (KS, CM). In contrast, phases of development are
characterized by discrepancy between the “principal tonality” highlighted by AL and the actual transition process
comprising modulations and a variety of shorter tonal phases (KS, CM). The exact assignment of a key or scale to
each segment is less relevant (and hard to do even for experts). However, the overall picture arising from these
perspectives clearly supports Newcomb’s reading that musical form in Wagner’s works is best understood as a
“dynamic musical process” shaped by dramatic development [30]. These readings are supported by the results
of a recent study [38], which takes further musical parameters (tempo and singers’ activity) into account for a
multi-dimensional visualization.

4 Quantitative Comparison
As discussed in Section 3, we consider the three analyses as different perspectives on the Ring, which have been
created under different assumptions and with different goals. However, they are still comparable and should be
similar in the way that all of them can be directly projected to the 12 diatonic scales. For this reason, we expect
them to at least coincide for long and rather clear tonal regions. Therefore, while we compared these analyses
in a visual way in Section 3, we now complement this with a quantitative comparison of the three analyses
(Section 4.1). We emphasize that such measurements are not an “evaluation” (of the analyses’ quality) but rather
an attempt to quantify their mutual similarity, highlighting in which way they differ from each other and how we
would have to select the parameters of CM to get closer to one of those. On this basis, we finally use both the
visual and the quantitative approach for investigating the influence of the visualization parameters for CM in
detail (Section 4.2).

4.1 Musical Similarity Measures
For a quantitative comparison of the different perspectives, we interpret their result for a given measure as a
histogram over a 12-bin circular axis (musically corresponding to the circle of fifths). In [48], we already proposed
a measure for comparing such distributions based on the Jensen–Shannon (JS) divergence J—a symmetrized
version of the Kullback–Leibler divergence K . Following [48], we calculate this metric by interpreting the vectors
a ∈ R12 (columns of A) as probability distributions. We compute the JS divergence between two such vectors
a, a′ ∈ R12 with ‖a‖1 = ‖a′‖1 = 1 as follows:

J (a, a′) = 1
2
(K(a,m) + K(a′,m)) , (4)

with m = 1/2(a + a′). We invert this to define the JS similarity S as:

S(a, a′) = 1 − J (a, a′), (5)

yielding a value S(a, a′) ∈ [0, 1] with S(a, a′) = 1 if a = a′. For comparing two measurements of a whole act
or the full Ring, we calculate the pairwise JS similarity for each musical measure and finally average over all
measures.
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In [48], the JS similarity turned out useful to compare analyses based on different representations. However,
there is a drawback regarding its musical meaning. While the JS similarity is invariant to permutations of
the histograms (i.e., to shuffling the order of histogram bins in the same way for both a and a′), the order of
bins crucially matters for capturing similarity relations between diatonic scales over the circle of fifths. Here,
neighboring (fifth-related) scales such as +1 and +2 are musically similar (sharing 6 of 7 pitch classes) while
distant (e.g., chromatically shifted) scales such as +1 and +6 are dissimilar (sharing only 2 of 7 pitch classes). The JS
similarity, however, yields the same value for both relationships. To account for this, we propose another similarity
measure specifically suitable for the circle-of-fifth relationships. To this end, we consider a circular variant of the
earth mover’s distance [34], which is based on the idea of “optimal transport,” that is, estimating the amount of
“probability mass” to be moved when turning one distribution into another. For the circular case, this transport
may occur in both directions around the circle, with the optimality criterion always favoring the “shorter”
direction. Adapting the definitions from [34] to our scenario—that is, two normalized histograms a, a′ ∈ R12—,
we compute this circular similarity based on the earth mover’s distance (CEMD similarity) C(a, a′) ∈ [0, 1] as
follows. First, we define the cumulative histogram h: (a) ∈ R12 starting at bin : as:

ℎ:,8 (a) =
{∑8

9=1 0 9 if 8 ≥ :∑12
9=:

0 9 +
∑8

9=1 0 9 if 8 < :
, (6)

for 8, : ∈ {0, . . . , 11}. Similarly, we compute h: (a′) ∈ R12. With this, we calculate our similarity measure as:

C(a, a′) = 1 − 2 · min
:∈{0,...,11}

1
12

11∑
8=0

|ℎ:,8 (a) − ℎ:,8 (a′) |. (7)

One can show that, with this definition, we obtain C(a, a′) = 1 if and only if a = a′. At the other extreme, one
obtains C(a, a′) = 0 in the case that a and a′ are two one-hot distributions on exactly opposite positions on the
circle, e.g., a = (0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0)> and a′ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1)>, which musically corresponds to
scales 0 and +6, respectively. For any other pair of sparse distributions (with a probability of one at exactly one
scale), we obtain a similarity of C = 1 − 3/6 with 3 being the shortest possible distance of the two peaks on the
circle of fifths. For instance, comparing such sparse distributions for scales +1 and +2 (3 = 1) yields C = 5/6,
comparing scales −3 and +1 (3 = 4) yields C = 2/6, and comparing scales −5 and +6 (3 = 1 due to the cyclic
definition) yields C = 5/6. For less sparse distributions, indicating non-zero probabilities for several (usually
neighboring) scales, the similarities increase since less “probability mass” has to be moved. With these properties,
the CEMD similarity measure well reflects the musical similarity of diatonic scale probabilities.

4.2 Investigating Visualization Parameters
We now want to utilize the two proposed similarity measures for quantitatively comparing the different analytical
perspectives (CM, KS, AL) discussed in Section 3. For a pair of analyses, we therefore compute the respective
similarity (JS or CEMD) for each musical measure and finally average over all measures of the full Ring cycle. In
particular, this quantification allows us to systematically investigate the role of the two visualization parameters
for the CM, that is, the window sizeF and the inverse softmax temperature V .

Figure 9(a) shows the pairwise JS similarities for two comparisons (CM-KS, CM-AL) as a function of the window
size (left) and the inverse softmax temperature (right), respectively. Regarding the window size (left plot, with
V = 50), we observe a peak for both curves yet at different positions: The CM shows the highest similarity with
the key signature regions (KS) at F = 48. In contrast, the similarity of CM with Lorenz’s annotations (AL) is
maximal forF = 96 and slowly decreases for larger windows. These “optimal” window sizes closely correspond
to the typical segment lengths indicated in Table 1 (mean of 42 measures for KS, 100 measures for AL). Using the
CEMD similarity (Figure 9(b)), one can observe a similar trend. Interestingly, however, the maximal position for
CM-KS is at a smaller window size ofF = 32 (closer to the median length for KS in Table 1) while for CM-AL,
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Fig. 9. Pairwise comparison of scale probabilities based on CMs with different annotations (key signature regions KS, Lorenz
annotations AL). The figure shows sweeps over different window sizes (left) and over different softmax temperature resp.
“hard” argmax (right). (a) Evaluation using the JS similarity measure. (b) Evaluation using the CEMD similarity measure
based on the circular earth mover’s distance. Measure-wise computation averaged over all measures of the Ring cycle.

the maximizing position is at a similar window size as for JS. Hence, with the CEMD similarity, we find an even
stronger difference between KS and AL regarding their temporal context. From both curves, we conclude that
KS describes the pitch class content of medium-sized sections, around 30–50 measures, while AL assumes an
idealized perspective focusing on sections of 100–200 measures. By suitable choosing the window size parameter
F , we can adjust CM’s primary focus to align with either of these perspectives.

We now want to investigate how the choice ofF affects the visualizations. To this end, we show in Figure 10
our comparative visualization for four different window sizes ranging from F = 12 to F = 224, using the first
act of Die Walküre as an example. For the short window size ofF = 12 (Figure 10(a)), CM clearly focuses on the
fine-scale tonal regions and transitions, often deviating from KS and AL. Increasing the window size toF = 32
(Figure 10(b)), many of these short passages disappear with CM resembling KS more closely as indicated by black
and blue colors (e.g., in Periods 3 or 12Ca). This begins to change when we further increase the window size to
F = 64 (Figure 10(c)). Here, we repeatedly observe regions where CM and AL coincide (green) while KS differs
(magenta), see for instance Periods 6 and 12Aa. For a very large window size ofF = 224 (Figure 10(d)), this trend
is further reinforced, with CM now often displaying an overly smooth behavior that substantially obscures local
information. From these visualizations, as Figure 9 also indicates, the window size of 64 measures chosen as
default for CM in Section 3 turns out to be a meaningful compromise between the temporal resolution of the
other two perspectives, KS and AL.

Finally, let us discuss the influence of the softmax parameter V , which adjusts the level of enhancement (focus
on an individual scale). The pairwise similarities in the two right plots of Figure 9 (with a logarithmic axis and
the hard maximum as the extreme case V → ∞), where we use F = 32 throughout. Both similarity measures
(JS and CEMD) clearly indicate that an inverse softmax temperature of at least V = 20 is necessary to obtain
meaningful results. Towards larger V , however, the two measures differ substantially. For JS, we observe a peak
at V = 50 after which the similarity of CM with both other perspectives (KS and AL) decreases. In contrast, the
CEMD similarity (lower right plot) for both pairs further increase and then plateaus at V = 100. This discrepancy
can be explained by the increased flatness of CM, which becomes smoothed across neighbor scales as V grows.
This “smoothing along the circle of fifths” affects the JS similarity since less probability mass is assigned to the
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Fig. 10. Comparative visualization of diatonic scale measurements for the act WWV 86 B-1 for Karajan version using a
window sizeF of (a) 12 measures, (b) 32 measures, (c) 64 measures, (d) 224 measures. Softmax parameter V = 50.

“correct” scales (indicated by KS or AL). On the other hand, the CEMD similarity also considers the close musical
relationships between neighboring scales and is thereby less affected by the strong softmax rescaling. From the
two experiments, we conclude that V = 50, our default choice for CM in Section 3, constitutes a good compromise.

Overall, our quantitative comparisons have underlined the suitability of the computational strategy (CM) for
highlighting interesting tonal structures in large-scale musical works such as the Ring. Moreover, choosing the
visualization parameters offers high flexibility, allowing the focus to shift between different temporal granularities
from detailed modulations up to the coarse-scale tonal structure. This makes it possible to retrace, examine, and
contextualize different analytical perspectives, as demonstrated for two specific examples (KS and AL).

5 Conclusions
In this article, we utilized a recently proposed computational method for measuring tonal structures and demon-
strated its application to musical works of large scale. As a concrete example, we analyzed the large-scale
tonal organization of Richard Wagner’s Ring cycle. To this end, we compared three perspectives on the work:
a computational measurement of diatonic scales from audio recordings, the key signature regions chosen by

ACM Journal on Computing and Cultural Heritage, Vol. 19, No. 3, Article 38. Publication date: September 2026.



Computational Strategies for Measuring and Visualizing Tonal Structures • 38:21

Wagner, and an idealized analysis by musicologist Alfred Lorenz. We visually compared these perspectives using a
color-based overlay technique and discussed the visualizations for the entire Ring cycle. Moreover, we conducted
a quantitative comparison where we considered a novel, musically inspired similarity measure. Our results show
that combining the three perspectives contributes to a better understanding of the Ring’s tonal structure. They
complement each other by focusing on different temporal granularities, from a few up to hundreds of measures.
We conclude that a joint visualization as conducted in this article provides a unique overview of large-scale works.
From a broader perspective, the potential of such computer-assisted strategies highlights how an interdisciplinary
dialogue between computer science and musicology can be beneficial to both disciplines.
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