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Multi-Voice Intonation Adaptation via
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Abstract—Intonation in ensemble performances on instruments
with flexible tuning involves a complex interaction between mu-
sicians shaped by musical context, acoustic conditions, and each
performer’s perception and preferences. In post-production, it is
often desirable to compensate for unintended deviations while
preserving expressive fluctuations and musically meaningful in-
teraction between individual tracks and voices. In this paper, we
formulate multi-voice intonation adaptation as a cost minimization
problem, making three main contributions. First, we introduce a
differentiable cost function that explicitly balances the adherence
of each voice to an equal-tempered pitch grid and the harmonic
fit between voices using sensory dissonance. Second, based on this
differentiable cost function, we derive a gradient descent adap-
tation algorithm that produces smooth, time-varying pitch-shift
curves without requiring score or note-level information. We show
how a small set of interpretable hyperparameters, including ini-
tialization, stopping criterion, step size, and momentum, allows
for a controlled trade-off between the compensation of unintended
intonation deviations and the preservation of expressive fluctua-
tions. Third, we evaluate our method on string, wind, and vocal
quartet multi-track recordings through objective and subjective
experiments, demonstrating quality comparable to a commercial
pitch-correction baseline while offering particular advantages in
handling intonation drift and modeling interactions between voices.
Beyond these results, the focus of this work is conceptual, making
a typically heuristic post-production task transparent and control-
lable through an explicit cost-based optimization framework.

Index Terms—Intonation, pitch adaptation, sensory dissonance,
cost measure, gradient descent.

I. INTRODUCTION

THE widely-used 12-tone equal temperament (12-TET)
tuning system divides the octave into twelve semitones

that are equally spaced on a logarithmic frequency axis. This
allows musical instruments with fixed pitch, such as the piano, to
play in any key. While 12-TET has become the dominant tuning
system in Western music since the 18th century [1], the irrational
ratio of 21/12 ≈ 1.0595 between semitones implies that most
intervals deviate slightly from the natural overtone relationships
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Fig. 1. Synthesized example cadence to illustrate aspects of intonation.
(a) Sheet music with chord labels. (b) Fundamental frequencies (F0) of soprano
(S, orange), alto (A, red), tenor (T, green), and bass (B, blue). (c) Pitch shift
curve pv(n) for all voices v ∈ {S, A, T, B} obtained with multi-voice gradient
descent (hyperparameters w = 0.33, L = 1, μ = 50, β = 0.9).

of harmonic sounds. In contrast, just intonation (JI) scales are
explicitly constructed from intervals with small integer ratios,
yielding tunings that align more closely with harmonic spectra.
However, the absolute pitch values in JI scales depend on the
chosen root note, requiring adaptation across keys and musical
contexts.

Many musical instruments allow for continuous pitch vari-
ation or at least offer some flexibility in intonation1. This en-
ables musicians to dynamically adjust their pitch to achieve

1Here and in the following, we refer to a set of pitches that defines a musical
scale as tuning and the realization of tuning by a performer as intonation.
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a context-dependent intonation beyond equal-tempered scales.
In choir singing [2] or string ensembles [3], for example, an
adaptation in response to concurrently sounding voices is often
referred to as vertical intonation and JI intervals with minimal
beating between overtones are considered desirable [4]. How-
ever, performers constantly have to balance this aspect with
other intonation constraints like melodic intervals (horizontal
intonation) and expressive pitch deviations such as vibrato [5],
[6], [7] in their own and other voices. Together with practical
limitations in pitch control and perception, this interaction can
lead to subtle but perceptible unintended intonation deviations,
including intonation drift, i.e., the gradual, systematic deviation
from an original reference pitch.

Fig. 1 illustrates these phenomena in a synthesized four-part
cadence. The score in Fig. 1(a) specifies soprano (S), alto (A),
tenor (T), and bass (B) voices with chord labels following [8].
The rendered performance in Fig. 1(b) reveals several charac-
teristic effects. All voices exhibit a global downward drift of
approximately 50 cents relative to the 12-TET grid while largely
preserving their relative intervals. In theS voice, the repeated A4
notes are each played with different intonation, demonstrating
a vertical intonation depending on the harmonic context. In
addition, all voices show local expressive variations such as
vibrato. Despite all these deviations, the harmonic structure
remains perceptually stable.2

In the post-processing of multi-track recordings, a sound
engineer may attempt to correct unintended intonation devia-
tions via pitch shifting. However, this requires defining a target
pitch that, analogous to live performance, depends on multiple
interacting criteria. For example, one may wish to compensate
for global intonation drift, often regarded as a flaw in a cap-
pella singing [9], [10], while preserving expressive fluctuations
and context-dependent vertical alignment. Fig. 1(c) illustrates
pitch-shift curves that achieve such drift compensation while
retaining vibrato and chord-dependent pitch deviations that
improve harmonic fit. Designing algorithms that automatically
estimate time-varying pitch-shift trajectories without manual
intervention, while still offering musically meaningful control,
remains a challenging task.

In this paper, we build upon our previous work [11] and
formulate intonation adaptation with multiple voices as a cost
minimization problem. This can be seen as a generalization of
commonly used grid-based methods, for which the target pitches
have to be predefined, whereas a cost-based formulation allows
to flexibly and dynamically account for different influences
on intonation, such as the interaction between voices. In this
context, we make three main contributions. First, we propose
a differentiable cost measure that combines two terms which
are designed to have local minima at pitch shifts where a voice
may reach desirable intonation. The first term captures a tonal
aspect by encouraging proximity to an equal-tempered pitch
grid, reflecting the widespread use of equal temperament as
an approximation of tonal organization in Western music [12].
The second term models a harmonic aspect by measuring the

2Audio examples and code are available online:
https://audiolabs-erlangen.de/resources/MIR/2026-TASLP-Intonation

sensory dissonance [13], [14] between simultaneously sounding
voices, thereby encouraging JI-like vertical alignment. With a
weighted combination of these terms, our method enables flex-
ible intonation adaptation between equal-tempered anchoring
and harmonic adaptation. The tonal term ensures stable local
minima even in harmonically complex or unstable chords, while
the harmonic term allows musically meaningful deviations from
the grid when supported by the ensemble context.

As a second main contribution and extension of [11], we
introduce a gradient-based adaptation algorithm that minimizes
the intonation cost to compute smooth, time-varying pitch-shift
curves for each voice. By utilizing established methods from
gradient-based optimization in this novel context, we show how
hyperparameters such as the initial value, step size, stopping cri-
terion and momentum provide direct control over the adaptation,
ranging from a global drift compensation that preserves vibrato
to more fine-grained local adaptation. The differentiability of
the proposed cost function is central to this framework. Beyond
gradient-based optimization, it is compatible with automatic
differentiation tools and gradient-based learning frameworks.
This opens perspectives for integrating perceptually motivated
intonation objectives into hybrid signal-processing and deep
learning systems.

As the third main contribution, we evaluate our approach
using case studies on diverse multi-track recordings of string,
wind, and a cappella vocal quartets. In comparison to existing
commercial methods for intonation adaptation, our approach
shows advantages in counteracting intonation drift and enables
a flexible weighting of intonation aspects depending on user
preference. In addition to our methodological contributions,
a small-scale listening test suggests that combining both cost
terms can yield improved results compared to using each term
individually, with performance comparable to a commercial
baseline. Given the inherently subtle and often subjective nature
of intonation, we do not claim that our method is perceptually
superior to these baselines. Rather, the primary strength of
the approach lies in the flexible optimization framework that
replaces heuristic post-production workflows with an explicit
cost-based formulation.

The remainder of this article is structured as follows. Section II
reviews related work. Section III introduces the differentiable
intonation cost measure. Section IV presents the gradient-based
multi-voice adaptation algorithm and analyzes its parameters.
Section V reports experiments and listening results. Audio
examples and a Python toolbox for intonation processing are
provided online.2

II. RELATED WORK

The intonation adaptation strategies implemented in many
commercial products like Melodyne [15], AutoTune [16], or
Flex Pitch [17] are typically based on an estimate of the F0
trajectory in a monophonic recording, with Melodyne also sup-
porting F0 estimation for polyphonic instruments such as the
piano. After (manually or semi-automatically) segmenting the
F0 trajectory into individual notes, the signal is pitch-shifted so
that the average F0 for each note approaches a predefined target

https://audiolabs-erlangen.de/resources/MIR/2026-TASLP-Intonation
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value. This target can be chosen manually by the user or deter-
mined automatically from a predefined scale or musical score.
Additional heuristics are often used to preserve expressive pitch
variations such as portamenti or vibrato, while accounting for
the dynamic interaction between voices would typically require
manual intervention. However, these approaches generally do
not account for the interaction between multiple voices, which
would require manual intervention with these tools.

Dynamically tuning individual tones of simultaneously
played intervals and chords has been explored in the
context of digital synthesizers. Rule-based algorithms like
Groven.Max [18] or Hermode Tuning [19] analyze the current
chord and adjust the F0 for each voice to approximate JI,
compromising when just intervals between all pairs of notes
are impossible. This problem can also be addressed by solving
a quadratic program [20], distributing the deviation from JI
evenly across the voices, with auxiliary constraints for temporal
continuity within voices. These approaches operate primarily on
symbolic representations or synthesized tones and assume ex-
plicit chord knowledge, making them less directly applicable to
multi-track audio recordings with existing intonation deviations.

Data-driven approaches aim to infer favorable tuning from
training examples and have mainly been explored for singing
voice adaptation. A desired F0 trajectory can be directly copied
from a time-aligned reference recording [21], [22], or predicted
from a score input using neural networks [23], [24]. A key
challenge is the limited availability of suitable training data,
ideally consisting of matched recordings with varying intona-
tion quality. In practice, heuristic strategies are often used for
dataset construction [25] or for designing training objectives, for
example by learning to synthesize natural pitch variations while
minimizing deviations from a target pitch input [23]. Moreover,
few data-driven methods explicitly consider harmonic context.
Wager et al. [26] condition pitch correction on a backing track
rather than a fixed score. Hyodo et al. [27] propose a polyphonic
vocal synthesizer trained on the relative intervals between voices
rather than absolute F0 values. However, these approaches im-
plicitly encode adaptation behavior in model weights, offering
limited controllability to accommodate individual artistic intent.

Sethares [28] established a relationship between tuning and
timbre of simultaneous sounds using the concept of sensory dis-
sonance [13], [14], which is largely influenced by the perception
of roughness due to beating between tonal components (e.g.,
partials). By evaluating pairwise interactions between partials,
a dissonance landscape can be obtained, in which, if the tones
have only harmonic partials, local minima occur at intervals
with small integer ratios. This principle has been explored for
adaptive tuning using gradient descent [29], where the F0 of
tones is updated to minimize sensory dissonance, achieving a
tuning similar to JI without requiring explicit musical analysis of
the chords. However, depending on the number and amplitudes
of the partials, not all intervals that are commonly used in West-
ern music have clearly defined local minima in the dissonance
landscape (see, e.g., MIDI pitches 59–61 in Fig. 2(c)), limiting
robustness for more musically complex chords. To mitigate
this, Villegas and Cohen [30] introduce a proximity constraint,
allowing the F0 to only deviate by a few cents from the initial

Fig. 2. Intonation cost terms for a single frame in the synthesized running
example from Fig. 1. (a) Spectrogram of the accompaniment (ATB) and target
voice (S) input signals with estimated F0 trajectories. (b) Tonal cost Ct using
f

tgt
0 . (c) P tgt, Pacc and harmonic cost Ch for the S voice in the highlighted

frame. (d) Combined cost C with w = 0.33.

tuning. While this stabilizes the optimization locally, it does not
allow for effectively addressing larger deviations such as global
intonation drift. To our knowledge, no previous work formulates
multi-voice intonation adaptation for recorded ensemble signals
as a fully differentiable optimization problem that explicitly
trades off adherence of each voice to an equal-tempered pitch
grid and the harmonic fit between multiple voices combined
with controllable temporal behavior through interpretable opti-
mization parameters. The approach proposed in the following
addresses this gap.
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III. INTONATION COST MEASURES

By formulating intonation assessment as a cost measure, we
obtain a flexible way to combine and balance multiple intonation
criteria within a single mathematical framework. In particular,
we define an intonation costC for a monophonic target voice in
the context of a fixed, potentially polyphonic accompaniment.
For concise notation, we first consider a simplified setting with a
single target voice and a single time frame. This is then extended
in Section IV, where we will take into account the temporal
relations over consecutive time frames as well as the interaction
between multiple voices that can be adapted simultaneously.

To model how the target voice adapts and how this affects
the intonation cost, we introduce a parameter p representing a
pitch shift of the target voice in cents. Since we later want to
compute the gradient ∂C/∂p, we treat p as a direct parameter of
the cost function, yielding a function C : R → R+, where C(p)
quantifies the intonation cost when the target voice is pitch-
shifted by p cents. In the context of our adaptation algorithm,
a suitable cost function C should satisfy two requirements: it
should be differentiable with respect to p to enable gradient-
based optimization, and it should attain local minima at pitch
shifts p that are favorable under the chosen intonation criteria.
In this work, we consider two such criteria, each represented by
a separate term in the overall intonation cost. The tonal cost Ct

measures the distance to an equal temperament (ET) grid, while
the harmonic costCh measures sensory dissonance in the overall
sound. To account for different artistic intents, both terms can be
balanced via a weighting factor w ∈ [0, 1], favoring dissonance
minimization withw ≈ 0 and adherence to ET withw ≈ 1. This
results in a combined cost function

C(p) := wCt(p) + (1− w)Ch(p). (1)

The individual termsCt andCh reflect two key criteria of into-
nation [31], but obviously do not exhaustively capture all aspects
that influence the perception of “good” intonation. For exam-
ple, the combined cost does not consider horizontal intonation,
which could be included by adding a third cost term that analyzes
the intervals between consecutive time frames within the target
voice. Our cost-based framework and adaptation method (see
Section IV) allows for such extensions, as long as they preserve
differentiability and yield local minima at favorable pitch shifts.

A. Signal Representations

In addition to the pitch shift p, the cost terms depend on the
tonal components (or partials) of the target and/or accompa-
niment signals. For a given time frame, we represent an audio
signal by the set

P := {(f0, a0), . . ., (fM−1, aM−1)} (2)

of M tonal components with frequency fm ∈ R+ in Hz and
amplitude am ∈ R+ for each component m = 0, . . .,M − 1.

In general, P can be obtained from an audio signal by detect-
ing prominent peaks in the signal’s magnitude spectrum, where
the components are not necessarily related by integer multiples.
For monophonic and (approximately) harmonic sounds, such as
the individual monophonic tracks in our running example, f0

corresponds to the F0 of the tone, and fm ≈ mf0 represent the
integer-multiple partials. In this case, a more robust alternative to
general peak finding is to first estimate the F0 and then identify
spectral peaks at (or close to) its integer multiples [32], which
reduces sensitivity to background noise and other spurious spec-
tral peaks.

For the following definitions of the cost terms, we denote the
salient tonal components of the monophonic target signal byP tgt

and those of the accompaniment by Pacc. In our case, Pacc is the
union of the peaks identified from the individual accompaniment
voices. We further denote the F0 from P tgt by f tgt

0 to simplify
notation. An example of P tgt and Pacc is illustrated in Fig. 2(a),
using S from the example cadence (cf. Fig. 1) as the target voice
and the mixture of all other voices (ATB) as the accompaniment.

B. Tonal Cost

The tonal cost Ct aims to quantify how far the target voice,
represented by f tgt

0 , deviates from an equal-tempered (ET) pitch
grid. In general, we denote a grid withK divisions of the octave
as K-TET. In Western music, K = 12 (the 12-TET grid with
twelve pitches per octave) is widely used to assess intonation
quality, both in literature [33], [34], [35] and in practice (e.g.,
using chromatic tuners). While ET is sometimes seen as a
compromise for instruments with fixed tuning [1], it provides
a reasonable approximation of the tonal organization principle
underlying many musical traditions [12].

To measure the deviation of f tgt
0 from an ET grid, we first

introduce a function that takes two frequencies f and f ′ and
measures how closely the interval between them matches an
ET interval. Since the ET grid is evenly spaced on a logarithmic
frequency axis, a suitable distance function should have periodic
local minima and increase smoothly as the interval deviates from
the grid. A cosine over the log-interval satisfies this requirement
and is continuously differentiable, making it a suitable choice
for modeling the tonal cost. We thus define the distance of the
interval between f and f ′ to a K-TET interval by

dKt (f, f ′) :=
1

2
(1− cos (2πK log2(f/f

′))) . (3)

This distance dKt is zero if the interval between f and f ′ is
exactly a K-TET interval, i.e., f/f ′ = 2k/K with k ∈ Z. With
this, we define Ct as

Ct(p) := dKt (f tgt
0 · 2p/1200, fref), (4)

where p is the pitch shift parameter defined above. The hyperpa-
rametersK andfref define the ET grid and can either be estimated
from the accompaniment (see, e.g., [33]) or set to predefined
values. In our experiments, we set K = 12 and fref = 440 Hz
(corresponding to standard A4 tuning).

The resulting tonal cost Ct is illustrated in Fig. 2(b). In the
depicted frame, a pitch shift of p = 0 for the S voice leads to
a non-zero cost, meaning that the original intonation does not
lie exactly on the 12-TET grid. The nearest local minimum is
exactly at the center frequency of MIDI pitch 67 which matches
the target pitch (G4) defined by the score shown in Fig. 1(a).
SinceCt has a minimum at each integer MIDI pitch, the nearest
local minimum would be different from the score target if the
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voice deviates by more than 50 cents. Note that Ct depends
only on f tgt

0 and therefore neither considers differences in timbre
(in particular, the energy distribution across partials) nor any
interaction between target and accompaniment.

C. Harmonic Cost

The harmonic cost Ch aims to quantify the dissonance be-
tween simultaneously sounding tones. Following [13], we con-
sider sensory dissonance as a differentiable surrogate for this
perceptual property. In contrast toCt, which evaluates the target
voice in isolation against a fixed pitch grid,Ch explicitly models
the interaction between the target voice and the accompaniment.
It is important to note that sensory dissonance is not inherently a
negative property, since its variation across different chords and
timbres is an important component of musical expression [36].
However, when tones have only harmonic partials, locally min-
imizing sensory dissonance can lead to intonation similar to
JI [29], which may be desirable in some ensemble performance.
For chords consisting of more complex intervals, as well as
inharmonic tones (such as many metallophones), the minima
can differ considerably from typical intervals in Western har-
mony [13], which is a key limitation of this approach compared
to the tonal stability offered by Ct.

The sensory dissonance between two complex simultaneous
sounds can be expressed as the sum of the pure-tone disso-
nance between all combinations of tonal components in each
sound [28]. This pure-tone dissonance was initially determined
from perceptual experiments with simultaneously played sinu-
soids [37] and has since been parameterized in a multitude of
different models (see [14] for an overview). We adopt the model
from [12] for two reasons. First, it yields a smooth, continuously
differentiable function (cf. Appendix A), which is a prerequisite
for our cost terms as outlined above. Second, it is based on
a logarithmic ratio log2(f/f

′) between frequencies f and f ′

instead of a linear distance as many other models, simplifying the
computation of the gradient ∂Ch/∂p. The pure-tone dissonance
between two sinusoids is given by

dh(f, f
′) :=

⎧⎪⎨
⎪⎩
exp

(
− ln2

(∣∣ log2(f/f
′)
∣∣

dmax(f̄)

))
f �= f ′

0 f = f ′,

(5)

where dmax(f̄) is a frequency-dependent parameter controlling
the interval of maximal dissonance and the decay of the disso-
nance curve, which in [12] is defined based on a heuristic that
increases dmax towards higher frequencies. To make this param-
eter more interpretable, we instead express dmax(f̄) explicitly
in terms of the equivalent rectangular bandwidth (ERB) [38], a
standard measure for auditory frequency resolution [39], placing
the dissonance maximum precisely at 0.25 critical bands as
established by perceptual studies [37], [40]:

dmax(f̄) := log2
(
1 + 24.7

(
0.00437f̄ + 1

)
/f̄
)
. (6)

Here, the ERB is evaluated in octaves at the mean frequency f̄ :=
(f + f ′)/2, ensuring symmetry (i.e., dh(f, f ′) = dh(f

′, f)). As
illustrated in Fig. 3, dh approaches zero when the two frequen-
cies are very similar or very far apart, and reaches its maximum

Fig. 3. Pure-tone dissonance dh(f, f
′) for f = 440 Hz. The shaded area

indicates the ERB around f (0.25 ERB marked with hatched rectangle).

of one at | log2(f/f ′)| = dmax(f̄). In the derivative of dh, we
assume dmax(f̄) to be constant, since it varies only minimally
for small changes in f̄ .

The harmonic cost is then defined as the amplitude-weighted
sum of pure-tone dissonances between all pairs of tonal compo-
nents in P tgt and Pacc:

Ch(p) :=
1

A

∑
(f,a)∈P tgt

(f ′,a′)∈Pacc

min(a, a′)dh(f · 2p/1200, f ′), (7)

where min(a, a′) weights each pairing proportionally to the
amplitude of the beating that can occur between the two compo-
nents [13]. The normalization factorA ensures thatCh andCt are
in a comparable range. Normalizing by the sum of all weighting
factors would guarantee Ch ∈ [0, 1], but since most pairs of
tonal components are further apart than one critical band, their
contribution to the sum is negligible (dh ≈ 0), resulting in a very
small expected value forCh. We therefore normalize only by the
sum of weighting factors for pairs where | log2(f/f ′)| ≤ 1, i.e.,
within one octave, which yields magnitudes comparable to those
of Ct.

In Fig. 2(c), the harmonic cost Ch is illustrated for a single
frame from our example cadence. The upper plot shows P tgt and
Pacc in this frame, along with the pure-tone dissonance between
each pairing. As an example, consider the third harmonic of the
S voice at around 1200 Hz: dh is non-negligible for its pairing
with the fourth harmonic of the A voice, as well as the eleventh
and thirteenth harmonics of the B voice. Summing all these
interactions yields the harmonic cost shown in the lower plot
for pitch shifts p between −1100 and 800 cents. In contrast
to Ct in Fig. 2(b), Ch exhibits a local minimum very close
to the actual F0 of the target voice, reflecting the advantage
of modeling voice interactions explicitly. On the other hand,
Ch does not necessarily have a clear local minimum at every
musically relevant target pitch. For example, near MIDI pitches
59 and 61 in Fig. 2(c), the nearest local minimum is close to MIDI
pitch 60, illustrating the complementary role of Ct in ensuring
tonal stability.

Combining both cost terms as in Fig. 2(d) allows for a flexible
weighting of the two modeled intonation aspects. With w =
0.33 in this example, there is a clear minimum near most MIDI
pitches, and this minimum is shifted towards reduced sensory
dissonance whereCh exhibits a clear local minimum on its own.
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Fig. 4. Illustration of the intonation cost over time for the S voice of the
example cadence from Fig. 1. (a) F0 of theS voice, reproduced from Fig. 1(b) for
reference. (b) Visualization of cost term Ct. The y-axis represents the 12-TET
offset, i.e., how far the F0 of the S voice deviates from the nominal 12-TET
pitch of the played note. The actual deviation of the S voice is shown with an
orange line. A darker background color denotes a higher cost. (c) Like (b), but
visualizing cost term Ch.

IV. INTONATION ADAPTATION ALGORITHM

The differentiability ofC with respect to p enables a gradient-
based adaptation algorithm that computes a pitch shift curve
p(n), specifying for each time frame n by how many cents
the target voice should be pitch-shifted to reduce the overall
intonation cost. By controlling the amount of adaptation applied
in each frame, the algorithm can be tuned to correct global
intonation deviations while preserving local ones, or vice versa,
resulting in a more natural-sounding adaptation than a purely
frame-wise correction would yield. This behavior can be con-
trolled by several hyperparameters described below, which can
be adjusted to match the properties of the input signal (e.g., the
strength of intended and unintended pitch variations) as well as
the desired output (e.g., a natural-sounding or strongly modified
pitch trajectory). The resulting time-varying pitch shift p(n)
can then be applied to the target signal using a suitable pitch
shifting algorithm (see, e.g., [41]). Extending the cost function
to time-varying signals, we further account for the frame-wise
changing properties of the input signals, denoted by f tgt

0 (n),
P tgt(n), and Pacc(n), and write the corresponding intonation
cost as C(p, n).

To analyze the behavior of the cost terms and the adaptation
algorithm over time, we express the pitch shift p relative to the
nominal 12-TET pitch of the currently played note, referring to
this quantity as the 12-TET offset. Fig. 4 shows this offset for the
S voice of our example cadence, overlaid on the cost landscape,
which depicts the intonation cost as a function of the 12-TET
offset over time, with darker colors indicating higher cost. As
expected, the landscape of the tonal costCt (Fig. 4(b)) is constant
over time and identical across tones, since it depends only on
the deviation from the ET grid and not on the musical context.
The landscape of the harmonic cost Ch (Fig. 4(c)), on the other

hand, is strongly influenced by the musical context, as reflected
in three observable phenomena. First, the chord function of the
target voice affects the position of the local minimum. Since S is
playing the major third in the first chord, its local minimum lies
lower than in the second chord, consistent with JI tuning where
the major third is 14 cents below 12-TET, whereas the same pitch
A4 serves as the root in the second chord and therefore has a local
minimum around the 12-TET offset of 0 cents. Second, a gradual
downward drift of the local minima across later notes reflects
a global intonation drift present throughout the entire example.
Third, the vibrato of the accompanying voices manifests as small
periodic fluctuations in the position of the local minimum.

A. Gradient Descent

In [29], gradient descent is used to update the frequency of
an individual salient tonal component directly. Inspired by this
approach, we formulate an iterative update rule for the pitch shift
p with L total iterations (� = 1, . . ., L)

p(�)(n) = p(�−1)(n)− μg(�)(n), (8)

where

g(�)(n) =
∂C(p, n)

∂p

∣∣∣∣
p=p(�−1)(n)

(9)

is the gradient of the cost functionC(p, n) evaluated at p(�−1)(n)
and μ is a step size parameter. The unit of g(�)(n) is cost/cent,
or cost change per cent shifted. Therefore, to obtain an update
amount in cents for (8), the step size μ has the unit cent2/cost
and can be interpreted as the pitch shift applied per frame when
the cost gradient equals one. For example, with μ = 50 and a
frame length of 20 ms (a frame rate of 50 Hz, as in all examples
presented here), a sustained unit gradient would result in a pitch
shift rate of 50× 50 = 2500 cents per second. However, the
actual maximum gradient ofCt is πK/1200 = π/100 ≈ 0.031,
so that even in the most extreme case, μ = 50 yields a maximum
shift rate of approximately 78.5 cents per second.3

In the following Sections IV-B to IV-E, we introduce the
hyperparameters of the algorithm and discuss their effects, illus-
trated also in Fig. 5 using the S voice of our example cadence.
For each varied hyperparameter, Fig. 5 shows the resulting pitch
shift curve p(n) as well as the 12-TET offset of the target voice
overlaid on the cost landscape, before (orange) and after (shades
of gray) applying p(n). To keep these illustrations simple, we
set w = 1 in (1), using the cost Ct only. The harmonic cost Ch

and the extension to a multi-voice setting are then introduced in
Section IV-F.

B. Number of Iterations

As a first hyperparameter for controlling the amount of adap-
tation, we vary the number of gradient descent iterations L,
using an initial value of p(0)(n) = 0 and a fixed step size of
μ = 50. The three shades of gray in Fig. 5(a) show the resulting
p(n) for L = 1, L = 10, and L = 100, from dark to light. With

3For Ch, the maximum gradient is less straightforward to derive analytically,
but is expected to be smaller than that of Ct.
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Fig. 5. Examples for intonation adaptation with different hyperparameter settings using only the tonal cost (w = 1) and the S voice from the example cadence.
Each panel (a-d) shows the resulting pitch shift curves p(n) (top) and the original and adapted 12-TET offsets overlaid on the cost landscape (bottom). (a) Varying
the number of iterations L = 1 (dark gray), L = 10 (medium gray), and L = 100 (light gray), with p(0)(n) = 0 and μ = 50. (b) Varying the initial conditions
p(0)(n) = 0 (dark gray), and p(0)(n) = p(L)(n− 1) (medium gray), with L = 1 and μ = 50. (c) Varying the step size μ = 5 (dark gray), μ = 50 (medium
gray), and μ = 500 (light gray), with L = 1 and p(0)(n) = p(L)(n− 1). (d) Varying the momentum parameter β = 0.0 (dark gray), β = 0.9 (medium gray),
β = 0.99 (light gray), with L = 1, p(0)(n) = p(L)(n− 1), and μ = 50.

L = 1, the adaptation has virtually no effect, as a single gradient
step is insufficient to meaningfully reduce the cost with the
given step size. At the other extreme, L = 100 successfully
counteracts the global intonation drift, but also removes local
pitch variations such as vibrato, and may push the adapted pitch
towards a neighboring note whenever the original 12-TET offset
exceeds 50 cents (cf. the two jumps in p(n) after 7 seconds),
independently of the temporal context. An intermediate value
ofL = 10 offers a compromise, but reveals that varyingL alone
does not allow for independent control over local and global
adaptation behavior.

C. Initial Value

A key modification for incorporating temporal context is to
initialize each frame with the previous result, setting

p(0)(n) = p(L)(n− 1). (10)

Fig. 5(b) compares both initial conditions with L = 1 and all
other hyperparameters unchanged. Initializing from the previous
frame (lighter gray) yields a pitch shift curve that effectively
compensates for the global drift while preserving most of the
local vibrato. It also allows for 12-TET offsets above 50 cents
without snapping to a neighboring note, since the temporal
context anchors the adaptation to the preceding frame. This

reflects the temporal consistency of intonation decisions made
by performers, who naturally only slowly update their frame of
reference instead of reassessing independently at each moment
in time.

D. Step Size

The step size μ directly controls the strength of the adaptation
per frame. As shown in Fig. 5(c), a small value of μ = 5
(darkest gray) yields a gentle adaptation that preserves most
local fluctuations, whereas a large value of μ = 500 (lightest
gray) counteracts even fine-grained variations such as vibrato,
similar to the effect of a large L.

E. Momentum

While μ offers intuitive control over the overall adaptation
strength, it does not allow for precise and independent control
over the reaction to global versus local pitch variations, motivat-
ing the introduction of an additional mechanism to address this
trade-off. To do this, we introduce a momentum parameter β ∈
[0, 1], as commonly used in gradient-based optimization [42].
To do this, we modify the update rule from (8) to

p(�)(n) = p(�−1)(n)− μb(�)(n), (11)
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where

b(�)(n) = βb(�−1)(n) + (1− β)g(�)(n) (12)

is an exponentially weighted moving average of the gradients
across iterations, with b(0)(n) = b(L)(n− 1), analogous to Sec-
tion IV-C. Setting β = 0 reduces to the original update rule
(8), while β = 1 freezes the update at b(0)(n), preventing any
adaptation.

The results for μ = 50 and varying β are shown in Fig. 5(d).
The momentum acts as a low-pass filter on the gradient sequence,
effectively suppressing the influence of rapid local fluctuations
while allowing the algorithm to react to slower global trends.
However, since momentum introduces a group delay propor-
tional to 1/ log(β), analogous to a low-pass filter, choosing β
too large can slow the reaction to pitch changes and an oscillating
“filter resonance”, as visible for β = 0.99 (light gray pitch shift
curve in Fig. 5(d)).

F. Multi-Voice Adaptation

Up to this point, we have considered a single target voice
adapted against a fixed accompaniment, with iterations over time
frames n and optimization steps �. With a set of monophonic
voices, the gradient-based framework naturally extends to the
joint adaptation of multiple voices, where each voice alternates
between the role of target voice and accompaniment. This is par-
ticularly relevant for modeling the dynamic tuning interactions
in ensembles such as string quartets, wind ensembles, or choirs.
Since this kind of multi-voice adaptation is only meaningful
when the cost reflects the interaction between voices, we set
w = 0.33 in the following example, combining both cost terms
to encourage JI-like intonation while maintaining tonal stability.

For a formal definition, let V denote the set of monophonic
voices in the performance, e.g., V = {S, A, T, B} for a quartet.
Each voice v ∈ V can take the role of the target voice, while the
accompaniment is formed by the combination of the remaining
voices. We denote the individual pitch shift curves by pv(n)
and introduce a third iteration over V for each time frame n.
Crucially, the cost function for each voice is evaluated with the
pitch shifts pv(n− 1) of all voices from the previous frame ap-
plied to P tgt and Pacc. This mirrors real ensemble performance,
where intonation decisions in the current moment are informed
by what happened in the preceding one. Since all adaptations
for a given frame n are solely based on pv(n− 1), the order in
which individual voices are processed is irrelevant.

The effect of multi-voice adaptation is illustrated in Fig. 6.
Fig. 6(a) shows the resulting pitch shift curves pv(n), and
Fig. 6(b) to (e) show the 12-TET offsets of each voice overlaid on
the cost landscape combiningCt andCh. The algorithm success-
fully counteracts the global drift in all voices while preserving
vibrato and retaining chord-specific intonation tendencies, such
as the lowered major third in S during the first chord. An inter-
esting edge case is visible in the B voice (Fig. 6(e)) during the
third chord, where the cost landscape shows a tonally unstable
region, yet the algorithm maintains tonal stability as opposing
gradients across voices tend to cancel out over time.

Fig. 6. Example for multi-voice adaptation in the example cadence from Fig. 1,
using hyperparameters w = 0.33, L = 1, μ = 50, and β = 0.9. (a) Pitch shift
curves pv(n) for each voice (same as Fig. 1(c)). (b) 12-TET offset of the S voice
before (thin line) and after adaptation (thick line) overlaid on the cost landscape.
(c) Like (b), but for the A voice. (d) Like (b), but for the T voice. (e) Like (b),
but for the B voice.

V. EXPERIMENTS

The proposed method offers three main advantages over exist-
ing approaches. First, the combination of a tonal and harmonic
cost term within a unified cost-based framework yields better
stability in realistic musical contexts compared to methods
based solely on sensory dissonance minimization [29], while
allowing for flexible control between targeting 12-TET or JI-like
intonation. Second, the gradient-based multi-voice adaptation
with temporal consistency can handle large intonation drifts
that grid-based methods cannot compensate for without score
information or manual intervention. Third, the hyperparameters
L,μ, andβ provide effective control over the adaptation of global
and/or local intonation deviations.

To demonstrate these advantages, we conduct three experi-
ments with real-world music signals, using quartet recordings
of three different ensemble types. We evaluate the properties
of the multi-voice adaptation quantitatively, analyzing the re-
sulting pitch shift curves and cost landscapes in terms of the
suitability for 12-TET and JI-like adaptation (Section V-B), the
compensation of intonation drift without manual intervention
(Section V-C), and the trade-offs between global and local
intonation adaptation (Section V-D).
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Additionally, we report on a small-scale listening test (Sec-
tion V-E) that evaluates listener preferences for the weighting
of the cost terms, in comparison to a commercial baseline. It is
important to note that we do not aim to establish the percep-
tual superiority of our method over existing ones, as listener
preferences are influenced by many factors beyond the adapta-
tion algorithm itself, including the quality of the pitch shifting
method, the musical context, and the discrimination ability of
individual listeners. Rather, the subjective evaluation should be
understood as a verification that the proposed method can pro-
duce results comparable to industry-standard approaches, while
offering the additional flexibility of the cost-based formulation
and gradient-based adaptation.

A. Datasets

Our method requires monophonic input tracks, from which
the signal representations f tgt

0 and P can be calculated. While
this is a common way to record popular music (e.g., through
studio overdubbing), advances in musical source separation (see,
e.g., [43]) or specialized recording techniques [44] could also
extend the applicability to music that was recorded in a shared
acoustic space. For the experiments below, we create a test set of
recordings from three datasets which already provide individual
tracks with little or no crosstalk between voices. All signals are
resampled to a sampling rate of 44100 Hz. F0 annotations are
interpolated to a common frame rate of 882 samples (20 ms)
before calculating P for each track and frame as described in
Section III-A.

ChoraleBricks (CB) [45] provides recordings of Baroque
four-part chorales, where each voice is played on various wind
instruments and recorded in isolation using a conductor video
for temporal synchronization. Aligned chord and F0 annotations
are available in the dataset. We use the chorale Befiehl Du Deine
Wege, played on brass instruments trumpet (S), fluegelhorn (A),
and baritone horn (T and B).

Dagstuhl ChoirSet (DC) [46] is a multi-track dataset of a
cappella choral music, performed by amateur singers. In addition
to spot microphone recordings of each individual voice with little
crosstalk, the dataset provides aligned score and F0 annotations.
We use a recording of the four-voice motet Locus Iste by Anton
Bruckner performed with one singer per voice (take QuartetB
T4 from the dataset).

Virtuoso Strings (VS) [47] contains multi-track recordings of
string quartet performances, using spot microphones with little
crosstalk between the simultaneously playing instruments. We
use a single recording of an excerpt from the String Quartet
Op. 74 No. 1 by Joseph Haydn (take Q-JH-VN1-NR 10 from
the dataset) and create F0 annotations for each track using the
SWIPE implementation from [48].

B. 12-TETand JI Adaptation

The mathematical framework of cost-based adaptation en-
ables the combined application of grid-based approaches (like
our tonal cost Ct) and multi-voice interactions (like our har-
monic cost Ch). Using the CB performance as an example
scenario, we demonstrate how the combination of the two terms

TABLE I
ADAPTATION RESULTS FOR THE CB PERFORMANCE WITH DIFFERENT COST

WEIGHTINGS. ALL VALUES GIVEN IN CENTS. FOR EXPLANATION, SEE

SECTION V-B.

stabilizes the optimization while still enabling JI-like intonation
without requiring score information. We run the proposed al-
gorithm with hyperparameter settings μ = 50, β = 0.0, L = 1,
and p(0)(n) = p(L)(n− 1), varying the cost weighting w. To
evaluate the adaptation, we calculate nominal target pitches for
12-TET and JI according to the time-aligned score and respective
chord degree, which allows us to measure the deviation of
adapted tones from this hypothetical target pitch. Results are
shown in Table I. For each note (with a segmentation based on the
aligned annotations), we compute the median F0 of all original
and adapted voices and report its mean absolute deviation from
the nominal 12-TET (Median Dev. 12-TET) and JI (Median Dev.
JI) frequencies, as well as the range (the difference between the
maximum and minimum) of the F0 within each note. All values
are given in cents.

The closest adaptation to 12-TET is achieved with w = 1,
reducing the mean absolute deviation of the note-wise median F0
from 9.7 to 4.5 cents. Using both cost terms (w = 0.33) moves
the median F0 closer to JI, reducing the deviation from 10.6 to
5.6 cents. Using only Ch (w = 0.00), which corresponds to the
approach from [29], results in median F0 deviations exceeding
those of the original. This confirms that the tonal cost term is
essential for a stable adaptation. The remaining deviations in the
adapted voices can partly be attributed to the delayed response
in pv(n) to large 12-TET offsets in very short notes. Across
all settings, the F0 range within notes is largely maintained,
indicating that local F0 variations are preserved with the chosen
hyperparameters. The trade-off between absolute accuracy and
local variation is discussed further in Section V-D.

C. Intonation Drift Compensation

Especially in vocal ensemble recordings, compensating for
intonation drift can be an important post-production step, for
example when combining multiple takes into a coherent perfor-
mance. While the drift in our synthetic cadence occurred over a
short time span, drift in real performances is often more subtle
and non-linear, with physiological [4] or musical [9] origins.
The DC performance used in this application example exhibits
a global drift of over 100 cents, with the ensemble collectively
singing around a semitone lower by the end of the recording.
Compensating for this drift while preserving local intonation is
not possible with grid-based methods without score information,
since they would typically adapt towards the nearest semitone.
With suitable hyperparameter settings, our method can account
for the drift without manual intervention.
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Fig. 7. Adapting global intonation drift in DC with w = 1, μ = 5, β = 0.9,
L = 1. The upper plot shows the pitch shift curves pv(n) over the entire piece
(S: orange, A: red, T: green, B: blue). The lower plot shows the 12-TET offset
of the A voice for an excerpt (gray: original, red: adapted).

To compensate for drift while preserving local fluctuations,
we choose a small step size μ = 5 and use momentum (β = 0.9)
to further smooth the pitch shift curves pv(n). The resulting
pv(n) for the entire performance are visualized in Fig. 7. It can
be seen that while pv(n) behaves similarly across individual
voices, the drift is not linear over the course of the performance.
As indicated by the excerpt from the A voice in the lower plot of
Fig. 7, most local intonation phenomena (such as vibrato and the
relative tuning of individual notes) are retained in the adapted
version (shown in red).

D. Global and Local Adaptation

The hyperparameters L, μ, and β provide an interpretable
way to balance between global and local intonation adaptation.
To illustrate their effect in a real-world example, we fix w =
0.25 to target JI-like intonation and compare two contrasting
configurations in an excerpt of the VS performance. The global
setting (μ = 50, β = 0.9, L = 1) shifts the median F0 of each
note toward cost-minimizing intervals while preserving vibrato
and other local fluctuations. The local setting (μ = 50, β = 0.0,
L = 100) applies multiple gradient steps per frame to approach
a local minimum, effectively suppressing local pitch fluctuations
such as vibrato.

Results are shown in Fig. 8. For each voice, we visualize the
12-TET offset of the original (in gray), after adaptation with the
global setting (in lighter color corresponding to the respective
voice) and with the local setting (darker color). Both settings
yield similar per-note median F0 values, while the local setting
does not preserve any of the vibrato. In the first chord, between
42.5 and 44.3 seconds, the median F0 lies close to the respective
JI target pitch (shown as horizontal dashed lines and clearly
visible for the A voice playing a major third) due to the strong
weighting of the harmonic cost. In the second chord of this
example, the S voice plays a minor seventh in a D:7 chord.
In this case, the deviation from 12-TET is distributed among the
voices, with the adapted A, T and B voices considerably above
their nominal JI target pitches.

This example also exposes two inherent limitations of the
proposed approach. First, the harmonic cost Ch does not allow

Fig. 8. Global vs. local intonation adaptation in an excerpt from VS using
w = 0.25 (larger emphasis on Ch). Each plot shows the original F0 offset (gray
dots), the F0 offset of the voices adapted with μ = 50, β = 0.9, L = 1 (lighter
color) and μ = 50, β = 0.0, L = 100 (darker color). The vertical line indicates
a change of the chord from D:maj to D:7. The horizontal dashed line indicates
JI intonation (with a 7/4 minor sevenths in the S voice). (a) S voice, (b) A voice,
(c) T voice, (d) B voice.

the user to select which JI ratio is targeted. Depending on the
musical context, there are several options for tuning the minor
seventh interval in the S voice relative to the root, including the
harmonic seventh with an interval ratio of 7/4 (or −31 cents
relative to 12-TET), as well as ratios of 16/9 (−4 cents) or 9/5
(+8 cents). The harmonic cost attains a minimum near −31
cents, consistent with both the downward shift of the S voice
and the upward shifts of the remaining voices. This results in a
strong deviation from 12-TET intervals that may not be musi-
cally desirable and is an inherent consequence of using sensory
dissonance minimization as a proxy for JI-like intonation, as
the location of the local minimum depends on the voice timbres
and may not coincide with the artistic intent. Second, preserving
local intonation variations comes at the cost of slower adaptation
at chord transitions, a trade-off that is clearly visible at the chord
change at 44.3 seconds, where the local setting responds more
rapidly.

E. Listening Test

To complement the methodological discussion above, we
conducted a small-scale listening test with expert listeners to
examine whether combining the two cost terms is advantageous
compared to optimizing only tonal or only harmonic aspects,
and to anchor the perceptual quality in comparison to a strong
commercial baseline. Specifically, we performed a paired com-
parison test with five different conditions.
OR: The original, unaltered excerpt.
ME: Each voice was separately processed with the commercial

pitch correction software Melodyne Essential v5.4.2 [15], using
automatic F0 estimation and segmentation with the “Melodic”
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Fig. 9. Results of listening test with 11 participants. OR: Original, ME: Melo-
dyne, WH ours with w = 0, WM: ours with w = 0.33, WT: ours with w = 1.
(left) Average rating for each paired comparison. (right) Relative strengths for
each condition estimated using a CLMM model [50], showing mean and 95%
confidence interval obtained by 1000× bootstrapping.

algorithm and subsequently running the “Correct Pitch” algo-
rithm with both “Pitch Center” and “Pitch Drift” set to 100%.
By using only automatic adaptations, we ensure comparability
with our method.
WH: Our method, using only the harmonic cost (w = 0). This

can be seen as a version of the method proposed in [29].
WM: Our method, mixing both cost terms (w = 0.33).
WT: Our method, using only the tonal cost (w = 1).
For easier comparisons, we kept all other hyperparameters

fixed for our approach with μ = 50, β = 0.9, and L = 1. No
condition requires manual intervention by a sound engineer. As
test items, we used excerpts of four to eight seconds length from
the application scenariosDC,VS, andCB, as well as the synthetic
example cadence. For applying the pitch shift curves pv(n)
to the audio signals, we used the time-varying pitch shifting
from [41] for WH, WM, and WT, and the proprietary pitch shifting
of Melodyne for ME.

In an online experiment using WebMUSHRA [49], participants
were presented with paired comparisons in random order, with
four items and five conditions leading to 4× ((4× 5)/2) = 40
comparisons in total. In each comparison, the two stimuli should
be rated in terms of the perceived intonation quality and natu-
ralness on a five-point Likert scale with values ‘2’ (stimulus
A is much better), ‘1’ (A is a bit better), ‘0’ (no preference),
‘−1’ (B is a bit better), and ‘−2’ (B is much better). The
signals were presented in mono over headphones. Of 11 par-
ticipants in total (median age 33 years), 9 reported “a lot” of or
“expert”-level experience in judging musical performances in
a post-test questionnaire and all of them reported “a lot” of or
“expert”-level experience as musicians. All listeners participated
voluntarily and consented to the processing of their responses
in an anonymized way.

The left side of Fig. 9 shows the mean rating for each paired
comparison, averaged over participants and test items. It can
be observed that WM, WT, and ME achieve the largest subjective
improvement over the OR condition, with an average rating of
0.70, 0.70, and 0.66, respectively. WH, on the other hand, does
not seem to lead to favorable intonation and is rated worse than
all other conditions on average. In direct comparison, WM is
slightly preferred over WT and ME with an average rating of
0.20 and 0.11, respectively, while there is almost no difference

between WT and ME (average rating of −0.02 in favor of ME).
We additionally analyzed the occurrence of circular judgments
(such as preferring A over B, B over C, and C over A) which
were observed in 16 of 44 possible cases (11 listeners and 4 test
items). This may indicate limited perceptual discriminability
between the test items [51] and is consistent with post-test
reports from some listeners, who indicated difficulty in forming
clear preferences for some comparisons.

For further analysis, we employ a cumulative link mixed
model (CLMM) [50], [52] to estimate a relative strength of each
condition, indicating the likelihood that a certain condition is
preferred over the others. In the CLMM, we take individual
differences between listeners and test items into account by
modeling both as random effects. We did not observe issues
with model convergence due to circular or otherwise inconsistent
ratings. By applying bootstrapping with 1000 resamplings of
the listener responses, we estimate mean and 95% confidence
intervals of the estimated strengths which are displayed as a bar
plot with error bars on the right side of Fig. 9. While OR and
WH are clearly separated from the other conditions, ME, WM, and
WT have overlapping confidence intervals and a mean strength
of 2.06, 2.01, and 1.89, respectively.
ME andWT share the same general objective (aligning the pitch

with the 12-TET grid), so that they should theoretically yield
similar results. However, several other aspects could influence
the observed difference in perceived intonation quality and
naturalness, including the behavior of the pitch shift curves at
note onsets (due to the previous segmentation step, ME allows
for faster adaptation) and differences in the quality of the pitch
shift algorithms. Notably, WM uses the same hyperparameters
(except w) and pitch shift algorithm as WT, yet is closer to ME
in estimated strength and is even slightly preferred in the mean
ratings, hinting at an overall positive effect of combining the two
cost terms. WH (using only harmonic cost, as proposed in [29])
does not yield favorable results, possibly due to limitations in
the accuracy of gradients. While this small-scale listening ex-
periment only provides tentative insights, the results suggest that
combining cost terms that model different intonation aspects can
yield results that are preferred over tonal or harmonic adaptation
individually.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we introduced a method for intonation adapta-
tion via gradient descent. Based on a differentiable cost mea-
sure that models different aspects of favorable intonation in a
multi-voice context, our method can handle intonation drift in the
input and allows for a flexible configuration of hyperparameters
to accommodate different artistic preferences between 12-TET
and JI-like intonation. In future work, the approach could be
extended by modeling additional aspects such as melodic into-
nation in the cost measure. Furthermore, larger-scale subjective
experiments with real-world music signals are needed to better
understand in which situations different intonation influences
are more or less perceptually relevant.
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APPENDIX

A. Differentiability of (5)

Proposition 1: 1 The function dh(f, f ′) (5) is differentiable
with respect to f with f, f ′, dmax ∈ R>0.

Proof: We rewrite dh(f, f ′) = φ(ψ(f, f ′)) as the composi-
tion of two functions

ψ(f, f ′) =
log2(f/f

′)
dmax

(13)

with f, f ′, dmax ∈ R>0 and

φ(x) =

{
exp

(− ln2(|x|)) x �= 0

0 x = 0
(14)

with x ∈ R.
ψ(f, f ′) is a composition of functions that are differentiable in

its entire domain (including f = f ′), so it is itself differentiable.
The same is easily verified forφ(x)with x �= 0, while for x = 0,
we need to show that the limit

lim
h→0

φ(0 + h)− φ(0)

h
(15)

exists from both sides. For this, we rewrite the piece-wise
definition as

φ(x) =

⎧⎪⎨
⎪⎩
exp

(− ln2(−x)) x < 0

0 x = 0

exp
(− ln2(x)

)
x > 0

(16)

and obtain

lim
h→0+

exp
(− ln2(h)

)− 0

h

= lim
h→0+

exp
(− ln2(h)

)
exp(ln(h))

= lim
h→0+

exp
(− ln2(h)− ln(h)

)

= lim
h→0+

exp

⎛
⎝− ln(h)︸ ︷︷ ︸

→∞

(ln(h) + 1)︸ ︷︷ ︸
→−∞

⎞
⎠ = 0, (17)

lim
h→0−

exp
(− ln2(−h))− 0

h

= lim
h→0+

exp
(− ln2(h)

)− 0

−h = 0. (18)

dh(f, f
′), as the composition of two differentiable functions

φ(x) and ψ(f, f ′), is therefore also differentiable. �
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